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Kapitola 6. Vlastńı č́ısla a vlastńı vektory

Výpočet vlastńıch č́ısel a vlastńıch vektor̊u

S pojmem vlastńıho č́ısla jsme se již setkali nap̌ŕıklad u iteračńıch metod pro řešeńı soustav lineárńıch
algebraických rovnic. Velikosti vlastńıch č́ısel iteračńı matice rozhodovaly o konvergenci p̌ŕıslušné iteračńı
metody. S úlohou na vlastńı č́ısla se setkáme i v aplikaćıch p̌ri řešeńı řady technických a fyzikálńıch problémů.

Definice: Je dána čtvercová matice A řádu n. Č́ıslo �, pro které má soustava

Av = �v resp. (A� �I)v = 0

nenulové řešeńı, se nazývá vlastńı č́ıslo matice A, jemu odpov́ıdaj́ıćı nenulové řešeńı v vlastńı vektor
matice A.

Homogenńı soustava má nenulové řešeńı , matice soustavy je singulárńı, tj. jej́ı determinant je
nulový.

Vlastńı č́ısla �1; �2; : : : ; �n jsou kǒreny charakteristické rovnice

pA(�) = det(A� �I) = 0:

Ke každému vlastńımu č́ıslu �i existuje alespoň jeden vlastńı vektor vi.

Poznámka: Charakteristický polynom je stupně n ) 9n vlastńıch č́ısel.

Definice: Matici Λ = diag(�1; �2; : : : ; �n) nazýváme spektrálńı matićı matice A.

Úlohy na nalezeńı vlastńıch č́ısel rozděĺıme do dvou skupin:
• Úplný problém – úloha naj́ıt všechna vlastńı č́ısla

• Částečný problém – úloha naj́ıt pouze některá vl. č́ısla (obvykle s nejvěťśı absolutńı hodnotou)

Úlohu na vlastńı č́ısla si p̌ripomeneme na p̌ŕıkladu.

Př́ıklad 1
Stanovte taková č́ısla �, pro která má homogenńı soustava Av = �v nenulové řešeńı, dále určete toto

řešeńı, pro matici

A =

264 2 0 0

2 2 1

1 1 2

375 :
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Řeš́ıme tedy soustavu

(A� �I)v =

264 2� � 0 0

2 2� � 1

1 1 2� �

375
264 v1

v2

v3

375 =

264 0

0

0

375 :
Aby homogenńı soustava měla nenulové řešeńı, muśı být determinant soustavy nulový. Hledáme proto

taková �, aby

det(A� �I) = (2� �)3 � (2� �) = (2� �)
h
(2� �)2 � 1

i
= (2� �)(1� �)(3� �) = 0:

Dostali jsme algebraickou rovnici stupně 3 a pouze pro jej́ı kǒreny

�1 = 3; �2 = 2; �3 = 1

bude ḿıt uvažovaná soustava nenulové řešeńı.

Ke každému vlastńımu č́ıslu �i můžeme naj́ıt nenulové řešeńı homogenńı soustavy

(A� �iI)v = 0:

Nap̌r. pro �1 = 3 řeš́ıme soustavu264 �1 0 0

2 �1 1

1 1 �1

375
264 v1

v2

v3

375 =

264 0

0

0

375 :
Matice soustavy je samožrejmě singulárńı a proto bude existovat celý systém řešeńı v závislosti na parametru
r 2 R. Každý vektor [0; r; r]T řeš́ı danou soustavu. Ze systému vybereme jednoho zástupce, nap̌r. v(1) =
[0; 1; 1]T , a ř́ıkáme, že v(1) je vlastńı vektor odpov́ıdaj́ıćı vlastńımu č́ıslu �1. Podobně bychom nalezli vlastńı
vektory odpov́ıdaj́ıćı vlastńım č́ısl̊um �2 a �3.

Poznámka:
Vlastńı č́ısla (horńı) trojúhelńıkové matice jsou rovna jej́ım diagonálńım prvk̊um, nebot’ charakteristický

polynom má tvar:
pA(�) = (a11 � �)(a22 � �) : : : (ann � �):

Motivace

Vlastńı vektor je takový vektor, pro který plat́ı, že vynásob́ıme-li matici A s t́ımto vektorem, źıskáme
násobek původńıho vektoru. Mluv́ıme o samodružných prvćıch.

Př́ıklad: Osová souměrnost = zobrazeńı y = Ax."
y1

y2

#
=

"
1 0

0 �1
# "

x1

x2

#
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"
1 0

0 �1
#

| {z }
A

"
1

0

#
|{z}
v1

= 1|{z}
�1

"
1

0

#
|{z}
v1

"
1 0

0 �1
#

| {z }
A

"
0

1

#
|{z}
v2

= �1|{z}
�1

"
0

1

#
|{z}
v2
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Př́ıklad: Určete vlastńı č́ısla a vlastńı vektory těchto matic:

A =

2664
2 0 0

0 2 0

0 0 2

3775 ; B =

2664
2 1 0

0 2 0

0 0 2

3775 ;

C =

2664
2 0 0

0 2 1

0 0 2

3775 ; D =

264 2 1 0

0 2 1

0 0 2

375 :

Řešeńı: Všechny zadané matice maj́ı stejný charakteristický polynom

pA(�) = pB(�) = pC(�) = pD(�) = (2� �)3;

Vid́ıme, že � = 2 je trojnásobné vl. č́ıslo všech čty̌r matic.

Vlastńı vektory:
A: v(1) = [1; 0; 0]T

v(2) = [0; 1; 0]T

v(3) = [0; 0; 1]T

Pozn.: matice A��I je nulová, tj. systém
všech řešeńı rovnice A � �I = 0 je lin.
kombinaćı v(1), v(2), v(3).

B: v(1) = [1; 0; 0]T

v(3) = [0; 0; 1]T
Pozn.: B� �I =

264 0 1 0

0 0 0

0 0 0

375

C: v(1) = [1; 0; 0]T

v(2) = [0; 1; 0]T
Pozn.: C� �I =

264 0 0 0

0 0 1

0 0 0

375

D: v(1) = [1; 0; 0]T Pozn.: D� �I =

264 0 1 0

0 0 1

0 0 0

375
Poznámka: Počet lineárně nezávislých vlastńıch vektor̊u může být menš́ı než je řád matice.
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Připomeňme si některé poznatky z lineárńı algebry.

Definice: Ř́ıkáme, že matice A a B jsou podobné, existuje-li regulárńı matice P taková, že
P�1AP = B , resp. A = P B P�1 .

Věta Podobné matice maj́ı stejná vlastńı č́ısla.

Věta: Necht’ A je reálná symetrická matice. Potom existuje ortogonálńı matice Q taková, že pro spektrálńı
matici plat́ı

� = QTAQ .

Důkaz:

det(A��I) = det(A��I) � det(P)

det(P)
= det(P�1) �det(A��I) �det(P) = det

h
P�1(A� �I)P

i
=

= det

0B@P�1AP| {z }
B

��I

1CA

Věta Je-li v vlastńı vektor matice A, potom P�1v je vlastńı vektor matice B = P�1AP.

Důkaz:
Av = �v

P�1 �
.

PBP�1v = �v

B P�1v| {z }
w

= �P�1v| {z }
w

Poznámka: Pokud jsou vlastńı vektory v1;v2; : : : ;vn lineárně nezávislé, potom plat́ı:

X�1AX = Λ (Λ = diag(�1; �2; : : : ; �n) : : : spektrálńı matice)

Matice A je tedy podobná diagonálńı matici. Matice X je matice, jej́ıž sloupce tvǒŕı vlastńı vektory

AX = XΛ
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A �

266666664
v1 v2 : : : vn

377777775
| {z }

X

=

266666664
v1 v2 . . . vn

377777775
| {z }

X

�

266666664
�1

�2

. . .
�n

377777775
| {z }

Λ

| {z }
266666664

�1v1 �2v2 . . . �nvn

377777775

Věta Necht’ A je čtvercová matice řádu n, � jej́ı vlastńı č́ıslo a v jej́ı vlastńı vektor, tj. Av = �v. Potom
plat́ı:
(i) k 2 N �(Ak) = [�(A)]k

(ii) A . . . regulárńı ) �(A�1) = [�(A)]�1

(iii) �(AH) = �(A)

(iv) vlastńı č́ısla symetrické (hermitovské) matice jsou reálná

(v) vlastńı vektory symetrické matice odpov́ıdaj́ıćı r̊uzným vlastńım č́ısl̊um jsou ortogonálńı

(vi) symetrická pozitivně definitńı matice má všechna vlastńı č́ısla kladná

Důkaz:
(i)

A �
.

Av = �v ) A2v = � Av|{z}
= �v

= �2v

A �
.

Akv = �kv ) Ak+1v = �k Av|{z}
= �v

= �k+1v

(ii)
Av = �v ) A�1Av = �A�1v

v = �A�1v
.
� 1
�

1

�
v = A�1v

(iii) Označme B = A� �I. Plat́ı
detBH = detBT = detB

det(AH � �I) = det(A� �I) = 0
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(iv) A = AH , Av = �v

�vHv = vH(�v) = vHAv = vHAHv| {z }
č́ıslo

p̌ridáme H a

= (vHAHv)H = vH Av|{z}
�v

= �vHv =|{z}
(�)

�vHv

(�) (vHv)H = vHv ) vHv =
vHv

(v)

uH �
.

Av = �v

vH �
.

Au = �u

9=; � 6= �; � = �; � = �; A = AH

uHAv = �uHv

vHAu = �vHu
.H

uHAHv = �uHv

0 = (�� �)| {z }
6=0

uHv ) uHv = 0

(vi)
Av = �v

vTAv = �vTv

Plat́ı (pro pozitivně definitńı matici A):

8v 6= o : vTAv > 0 ) �vTv| {z }
>0

> 0 ) � > 0

Poznámka: Ortogonálńı matice Q: QTQ = I
.
�Q�1 QT = Q�1

Podḿıněnost úlohy na vlastńı č́ısla

Omeźıme se na p̌ŕıpad, kdy matice A má n lineárně nezávislých vlastńıch vektor̊u v1, v2,. . . ,vn od-
pov́ıdaj́ıćıch vlastńım č́ısl̊um �1, �2,. . . , �n.

• �aij . . . malé změny v prvćıch aij j�aijj � "

• porušená matice A(") = A +�A má vlastńı č́ısla �k(") = �k +��k

• dále plat́ı (viz literatura):

j�k(")� �kj . {k"; kde {k = 1
jcos�kj

kde �k je úhel vk a vlastńıho vektoru AH odpov́ıdaj́ıćımu vlastńımu č́ıslu �k
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• Pro symetrickou matici je
�k = 0 ) {k = 1

j�k(")� �kj � " : : : dob̌re podḿıněná úloha

• Pro nesymetrickou matici je

�k 6= 0 ) {k může být velmi velké

. . . špatně podḿıněná úloha

Př́ıklad

script v MATLABu

A=[-1 5 0; 0 3 1; 0 0 2]
AH=ctranspose(A)

[v,c]=eig(A,’nobalance’)
[vH,cH]=eig(AH,’nobalance’)

disp(’------------------------------------------------------------’)
disp(’ Vlastni vektory A a AH odpovidajici vlastnimu cislu lambda,’)
disp(’ cos uhlu, ktery sviraji a tento uhel’)
for j=1:length(A)
disp(’------------------------------------------------------------’)
lambda=c(j,j)
vlastni_vektor_A=v(:,j)’
vlastni_vektor_AH=vH(:,j)’
cosinus_uhlu=vlastni_vektor_A*vlastni_vektor_AH’...

/norm(vlastni_vektor_A)/norm(vlastni_vektor_AH)
uhel=acos(cosinus_uhlu);
uhel=uhel*180/pi
pause

end;

výsledky v MATLABu
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A =
-1 5 0
0 3 1
0 0 2

AH =
-1 0 0
5 3 0
0 1 2

v =
1.0000 1.0000 -1.0000

0 0.8000 -0.6000
0 0 0.6000

c =
-1 0 0
0 3 0
0 0 2

vH =
-0.8000 0.0000 -0.0000
1.0000 -1.0000 0.0000

-0.3333 -1.0000 1.0000
cH =

-1.0000 0 0
0 3.0000 0
0 0 2.0000

------------------------------------------------------------
Vlastni vektory A a AH odpovidajici vlastnimu cislu lambda,
cos uhlu, ktery sviraji a tento uhel

------------------------------------------------------------
lambda =

-1
vlastni_vektor_A =

1 0 0
vlastni_vektor_AH =

-0.8000 1.0000 -0.3333
cosinus_uhlu =

-0.6046
uhel =

127.1966
------------------------------------------------------------
lambda =

3
vlastni_vektor_A =

1.0000 0.8000 0
vlastni_vektor_AH =

0.0000 -1.0000 -1.0000
cosinus_uhlu =

-0.4417
uhel =

116.2141
------------------------------------------------------------
lambda =

2
vlastni_vektor_A =

-1.0000 -0.6000 0.6000
vlastni_vektor_AH =

-0.0000 0.0000 1.0000
cosinus_uhlu =

0.4575
uhel =

62.7744
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Př́ıklad 2

A =

266666666666664

20 20

19 20

18 20
. . . . . .

. . . . . .
2 20

" 1

377777777777775

Výpočet determinantu (A� �I) pomoćı rozvoje podle posledńıho řádku:

pA(�) = det(A� �I) = (20� �)(19� �) : : : (1� �)� 2019"

• pro " = 0 ) �min = 1

• pro " = 20! 20�19
:
= 4; 64 � 10�7

pA(�) = (20� �)(19� �) : : : (1� �)| {z }
konst.člen = 20!

� 2019 20! 20�19 = � � ( : : : ) = 0 ) �min = 0

• Malé změně " odpov́ıdá velká změna vlastńıho č́ısla �min.

• Vlastńı č́ısla nesymetrických matic jsou citlivá na změnu prvk̊u
(citlivost roste s rostoućı vzdálenost́ı od diagonály).

Mocninná metoda

Chceme určit vlastńı č́ıslo matice A s nejvěťśı absolutńı hodnotou (dominantńı vlastńı č́ıslo).

Předpoklady:
1. A má n-lineárně nezávislých vlastńıch vektor̊u

2. existuje jediné dominantńı vlastńı č́ıslo

3. vlastńı č́ısla lze sěradit: j�1j > j�2j � j�3j � � � � � j�nj.

Odvozeńı:

1. Zvoĺıme y(0) jako lineárńı kombinaci vlastńıch vektor̊u

y(0) = �1v1 + �2v2 + � � �+ �nvn:

2. Sestroj́ıme posloupnost
y(k) = Ay(k�1); tj. y(k) = Aky(0):

y(k) = �1A
kv1 + �2A

kv2 + � � �+ �nAkvn:
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3. Plat́ı Avi = �ivi, proto

y(k) = �1 �k1|{z}
�

v1 + �2�
k
2v2 + � � �+ �n�

k
nvn:

4. Vytkneme dominantńı vlastńı č́ıslo (viz �)

y(k) = �k1

�
�1v1 +

nX
i=2

�i

! 0z }| { 
�i

�1

!k

vi| {z }
"k ! 0

�
:

5. Analogicky vyjáďŕıme y(k+1).

6. Vybereme j-tou složku y(k+1) a y(k), vyděĺıme je a provedeme limitńı p̌rechod

lim
k!1

y
(k+1)
j

y
(k)
j

= lim
k!1

�k+11 (�1v1;j +
! 0z }| {
"k+1;j)

�k1(�1v1;j + "k;j|{z}
! 0

)
= �1

Př́ıklad
Mocninnou metodou stanovte dominantńı vlastńı č́ıslo matice A, kde

A =

264 1 1 0

1 1 1

0 1 1

375 a y(0) = [1; 1; 1]T :

Řešeńı: Použijeme iteračńı formuli

y(k+1) = Ay(k), pro k = 0; 1; : : :

y(1) = [2; 3; 2]T �
(1)
1 = y

(1)
2

y
(0)
2

= 3;

y(2) = [5; 7; 5]T �
(2)
1 = 7

3
� 2; 3333;

y(3) = [12; 17; 12]T �
(3)
1 = 17

7
� 2; 4285;

y(4) = [29; 41; 29]T �
(4)
1 = 41

17
� 2; 4117;

y(5) = [70; 99; 70]T �
(5)
1 = 99

41
� 2; 4146:

Poznámka:

Abychom zamezili p̌retečeńı, resp. podtečeńı p̌ri zobrazeńı č́ısel v poč́ıtači je vhodné v každém kroku
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normovat vektor y(k) (norma y(k) roste, resp. klesá pro vlastńı č́ıslo v absolutńı hodnotě věťśı, resp. menš́ı než
1).

y(k) :=
y(k)

ky(k)k

výsledky v MATLABu

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

A =
900 20 1
20 500 30
1 30 100

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
--------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 9.210000e+002 | 5.500000e+002 | 1.310000e+002 || 921.0000000 |
| 2 | 8.400310e+005 | 2.973500e+005 | 3.052100e+004 || 912.0857763 |
| 3 | 7.620054e+008 | 1.663913e+008 | 1.281263e+007 || 907.1158338 |
| 4 | 6.891455e+011 | 9.882011e+010 | 7.035006e+009 || 904.3840077 |
| 5 | 6.222144e+014 | 6.340402e+013 | 4.357249e+012 || 902.8781109 |
| 6 | 5.612654e+017 | 4.427701e+016 | 2.960060e+015 || 902.0450147 |
| 7 | 5.060274e+020 | 3.345262e+019 | 2.185582e+018 || 901.5830307 |
| 8 | 4.560959e+023 | 2.691242e+022 | 1.728164e+021 || 901.3264854 |
| 9 | 4.110263e+026 | 2.262997e+025 | 1.436285e+024 || 901.1839104 |
|10 | 3.703777e+029 | 1.957860e+028 | 1.233554e+027 || 901.1046393 |

>> eig(A)
ans =

1.0e+002 *
0.977622158203950
5.012324900167472
9.010052941628578

výsledky v MATLABu



Numerické metody
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

A =
900 20 1
20 500 30
1 30 100

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
---------------------------------------------------------------
| 0 | 1.0000000 | 1.0000000 | 1.0000000 || |
| 1 | 921.0000000 | 550.0000000 | 131.0000000 ||921.000000 |
| | 1.0000000 | 0.5971770 | 0.1422367 || |
| 2 | 912.0857763 | 322.8555917 | 33.1389794 ||912.085776 |
| | 1.0000000 | 0.3539750 | 0.0363332 || |
| 3 | 907.1158338 | 198.0775114 | 15.2525693 ||907.115834 |
| | 1.0000000 | 0.2183597 | 0.0168144 || |
| 4 | 904.3840077 | 129.6842642 | 9.2322257 ||904.384008 |
| | 1.0000000 | 0.1433951 | 0.0102083 || |
| 5 | 902.8781109 | 92.0038151 | 6.3226842 ||902.878111 |
| | 1.0000000 | 0.1019006 | 0.0070028 || |
| 6 | 902.0450147 | 71.1603809 | 4.7572988 ||902.045015 |
| | 1.0000000 | 0.0788878 | 0.0052739 || |
| 7 | 901.5830307 | 59.6021361 | 3.8940255 ||901.583031 |
| | 1.0000000 | 0.0661083 | 0.0043191 || |
| 8 | 901.3264854 | 53.1837310 | 3.4151593 ||901.326485 |
| 1.0000000 | 0.0590061 | 0.0037890 || |
| 9 | 901.1839104 | 49.6167046 | 3.1490857 ||901.183910 |
| | 1.0000000 | 0.0550572 | 0.0034944 || |
|10 | 901.1046393 | 47.6334548 | 3.0011561 ||901.104639 |
| | 1.0000000 | 0.0528612 | 0.0033305 || |

výsledky v MATLABu



Numerické metody
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

A =
1/1000 -3/10000 -1/2000
1/5000 1/200 -1/10000

-1/1000 1/500 3/1000

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
--------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 2.000000e-004 | 5.100000e-003 | 4.000000e-003 || 0.0051000 |
| 2 | -3.330000e-006 | 2.514000e-005 | 2.200000e-005 || 0.0049294 |
| 3 | -2.187200e-008 | 1.228340e-007 | 1.196100e-007 || 0.0048860 |
| 4 | -1.185272e-010 | 5.978346e-010 | 6.263700e-010 || 0.0052368 |
| 5 | -6.110626e-013 | 2.902831e-012 | 3.193306e-012 || 0.0050981 |
| 6 | -3.078565e-015 | 1.407261e-014 | 1.599664e-014 || 0.0050094 |
| 7 | -1.529867e-017 | 6.814767e-017 | 7.921371e-017 || 0.0049519 |
| 8 | -7.534983e-020 | 3.297572e-019 | 3.892351e-019 || 0.0049137 |
| 9 | -3.688946e-022 | 1.594793e-021 | 1.902570e-021 || 0.0048880 |
|10 | -1.798617e-024 | 7.709928e-024 | 9.266189e-024 || 0.0048704 |

>> eig(A)
ans =

0.000770409049726
0.003399468175334
0.004830122774940

výsledky v MATLABu
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

A =
1/1000 -3/10000 -1/2000
1/5000 1/200 -1/10000

-1/1000 1/500 3/1000

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-----------------------------------------------------------
| 0 | 1.0000000 | 1.0000000 | 1.0000000 || |
| 1 | 0.0002000 | 0.0051000 | 0.0040000 || 0.005100 |
| | 0.0392157 | 1.0000000 | 0.7843137 || |
| 2 | -0.0006529 | 0.0049294 | 0.0043137 || 0.004929 |
| | -0.1324582 | 1.0000000 | 0.8750994 || |
| 3 | -0.0008700 | 0.0048860 | 0.0047578 || 0.004886 |
| | -0.1780614 | 1.0000000 | 0.9737532 || |
| 4 | -0.0009649 | 0.0048670 | 0.0050993 || 0.005237 |
| | -0.1892287 | 0.9544432 | 1.0000000 || |
| 5 | -0.0009756 | 0.0046344 | 0.0050981 || 0.005098 |
| | -0.1913573 | 0.9090360 | 1.0000000 || |
| 6 | -0.0009641 | 0.0044069 | 0.0050094 || 0.005009 |
| | -0.1924507 | 0.8797227 | 1.0000000 || |
| 7 | -0.0009564 | 0.0042601 | 0.0049519 || 0.004952 |
| | -0.1931316 | 0.8603014 | 1.0000000 || |
| 8 | -0.0009512 | 0.0041629 | 0.0049137 || 0.004914 |
| | -0.1935843 | 0.8471929 | 1.0000000 || |
| 9 | -0.0009477 | 0.0040972 | 0.0048880 || 0.004888 |
| | -0.1938928 | 0.8382309 | 1.0000000 || |
|10 | -0.0009454 | 0.0040524 | 0.0048704 || 0.004870 |
| | -0.1941054 | 0.8320495 | 1.0000000 || |

Poznámka:

Nejlepš́ı aproximaci dostaneme, děĺıme-li složky, které maj́ı nejvěťśı absolutńı hodnotu.
Obecně nelze použ́ıt libovolnou složku vektoru y(k) nebot’ odpov́ıdaj́ıćı vlastńı vektor ji může ḿıt nulovou.

výsledky v MATLABu
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A =
1 1 0
0 2 0
0 0 3

>> [v,c]=eig(A,’nobalance’)

v =
1 1 0
0 1 0
0 0 1

c =
1 0 0
0 2 0
0 0 3

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k ||lambda_k 1s || 2s || 3s |
----------------------------------------------------------------------------
| 0 | 2.000000e+00 | 1.000000e+00 | 1.000000e+00 || || || |
| 1 | 3.000000e+00 | 2.000000e+00 | 3.000000e+00 || 1.5000000 || 2 || 3 |
| 2 | 5.000000e+00 | 4.000000e+00 | 9.000000e+00 || 1.6666667 || 2 || 3 |
| 3 | 9.000000e+00 | 8.000000e+00 | 2.700000e+01 || 1.8000000 || 2 || 3 |
| 4 | 1.700000e+01 | 1.600000e+01 | 8.100000e+01 || 1.8888889 || 2 || 3 |
| 5 | 3.300000e+01 | 3.200000e+01 | 2.430000e+02 || 1.9411765 || 2 || 3 |
| 6 | 6.500000e+01 | 6.400000e+01 | 7.290000e+02 || 1.9696970 || 2 || 3 |
| 7 | 1.290000e+02 | 1.280000e+02 | 2.187000e+03 || 1.9846154 || 2 || 3 |
| 8 | 2.570000e+02 | 2.560000e+02 | 6.561000e+03 || 1.9922481 || 2 || 3 |
| 9 | 5.130000e+02 | 5.120000e+02 | 1.968300e+04 || 1.9961089 || 2 || 3 |
|10 | 1.025000e+03 | 1.024000e+03 | 5.904900e+04 || 1.9980507 || 2 || 3 |

Poznámka:

Při praktickém použit́ı mocninné metody neově̌rujeme, zda jsou splněny p̌redpoklady odvozeńı.
Zadaná matice nemuśı ḿıt jediné dominantńı vlastńı č́ıslo nebo
počet lineárně nezávislých vlastńıch vektor̊u může být menš́ı než řád matice.
Při nesplněných p̌redpokladech odvozeńı může být konvergence pomalá.
Daľśı nevýhodou mocninné metody je potom odhad chyby źıskané aproximace.

výsledky v MATLABu
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A =
3 1 1

-1 1 0
0 0 1

>> [v,c]=eig(A,’nobalance’)

v =
1.0000 -1.0000 0.0000

-1.0000 1.0000 -1.0000
0 0 1.0000

c =
2.0000 0 0

0 2.0000 0
0 0 1.0000

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
--------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 5.000000e+000 | 0.000000e+000 | 1.000000e+000 || 5.0000000 |
| 2 | 1.600000e+001 | -5.000000e+000 | 1.000000e+000 || 3.2000000 |
| 3 | 4.400000e+001 | -2.100000e+001 | 1.000000e+000 || 2.7500000 |
| 4 | 1.120000e+002 | -6.500000e+001 | 1.000000e+000 || 2.5454545 |
| 5 | 2.720000e+002 | -1.770000e+002 | 1.000000e+000 || 2.4285714 |
| 6 | 6.400000e+002 | -4.490000e+002 | 1.000000e+000 || 2.3529412 |
| 7 | 1.472000e+003 | -1.089000e+003 | 1.000000e+000 || 2.3000000 |
| 8 | 3.328000e+003 | -2.561000e+003 | 1.000000e+000 || 2.2608696 |
| 9 | 7.424000e+003 | -5.889000e+003 | 1.000000e+000 || 2.2307692 |
|10 | 1.638400e+004 | -1.331300e+004 | 1.000000e+000 || 2.2068966 |

|50 | 8.556839e+016 | -8.219069e+016 | 1.000000e+000 || 2.0402685 |

|100| 1.914152e+032 | -1.876123e+032 | 1.000000e+000 || 2.0200669 |

|150| 3.225580e+047 | -3.182762e+047 | 1.000000e+000 || 2.0133630 |

|200| 4.836884e+062 | -4.788675e+062 | 1.000000e+000 || 2.0100167 |

|250| 6.802785e+077 | -6.748508e+077 | 1.000000e+000 || 2.0080107 |

|300| 9.187032e+092 | -9.125921e+092 | 1.000000e+000 || 2.0066741 |

|1000|1.608334e+304 | -1.605120e+304 | 1.000000e+000 || 2.0020007 |

--------------------------------------------------------------------

|1013| Inf | -1.332031e+308 | 1.000000e+000 || Inf |
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Z uvedeného p̌ŕıkladu je dále vidět, že je opravdu vhodné normovat vektor y(k) a zabránit tak p̌retečeńı.

Poznámka:

Při praktickém použit́ı mocninné metody použijeme nap̌ŕıklad počátečńı volbu vektoru y(0) =
[1; 1; 1; : : : ; 1]T .

Je-li ovšem vektor y(0) takovou lineárńı kombinaćı vlastńıch vektor̊u, že koeficient u vlastńıho vektoru
odpov́ıdaj́ıćıho dominantńımu vlastńımu č́ıslu bude roven 0, potom mocninná metoda nevypočte dominantńı
vlastńı č́ıslo, ale nejbližš́ı nižš́ı, u kterého u odpov́ıdaj́ıćıho vlastńıho vektoru bude nenulový koeficient.

Pokud bychom prováděli výpočet dostatečně dlouho, dojde vlivem zaokrouhlovaćıch chyb k tomu, že u
p̌ŕıslušné iterace y(k) bude již zmiňovaný koeficient u vlastńıho vektoru odpov́ıdaj́ıćıho dominantńımu vlastńımu
č́ıslu již nenulový a metoda nakonec dominantńı vlastńı č́ıslo nalezne.

výsledky v MATLABu
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A =
4 -3 2
0 2 0
0 -4 6

>> [v,c]=eig(A,’nobalance’)

v =
1.0000 1.0000 -0.5000

0 0 -1.0000
0 1.0000 -1.0000

c =
4 0 0
0 6 0
0 0 2

>> y=[1 1 1]’
>> alpha=(v\y)’

alpha =
0.5000 0 -1.0000

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
----------------------------------------------------------
| 0 | 1.0000000 | 1.0000000 | 1.0000000 || |
| 1 | 3.0000000 | 2.0000000 | 2.0000000 || 3.000000 |
| | 1.0000000 | 0.6666667 | 0.6666667 || |
| 2 | 3.3333333 | 1.3333333 | 1.3333333 || 3.333333 |
| | 1.0000000 | 0.4000000 | 0.4000000 || |
| 3 | 3.6000000 | 0.8000000 | 0.8000000 || 3.600000 |
| | 1.0000000 | 0.2222222 | 0.2222222 || |
| 4 | 3.7777778 | 0.4444444 | 0.4444444 || 3.777778 |
| | 1.0000000 | 0.1176471 | 0.1176471 || |
| 5 | 3.8823529 | 0.2352941 | 0.2352941 || 3.882353 |
| | 1.0000000 | 0.0606061 | 0.0606061 || |
| 6 | 3.9393939 | 0.1212121 | 0.1212121 || 3.939394 |
| | 1.0000000 | 0.0307692 | 0.0307692 || |
| 7 | 3.9692308 | 0.0615385 | 0.0615385 || 3.969231 |
| | 1.0000000 | 0.0155039 | 0.0155039 || |
| 8 | 3.9844961 | 0.0310078 | 0.0310078 || 3.984496 |
| | 1.0000000 | 0.0077821 | 0.0077821 || |
| 9 | 3.9922179 | 0.0155642 | 0.0155642 || 3.992218 |
| | 1.0000000 | 0.0038986 | 0.0038986 || |
|10 | 3.9961014 | 0.0077973 | 0.0077973 || 3.996101 |
| | 1.0000000 | 0.0019512 | 0.0019512 || |
|11 | 3.9980488 | 0.0039024 | 0.0039024 || 3.998049 |
| | 1.0000000 | 0.0009761 | 0.0009761 || |
|12 | 3.9990239 | 0.0019522 | 0.0019522 || 3.999024 |
| | 1.0000000 | 0.0004882 | 0.0004882 || |
|13 | 3.9995118 | 0.0009763 | 0.0009763 || 3.999512 |
| | 1.0000000 | 0.0002441 | 0.0002441 || |
|14 | 3.9997559 | 0.0004882 | 0.0004882 || 3.999756 |
| | 1.0000000 | 0.0001221 | 0.0001221 || |
|15 | 3.9998779 | 0.0002441 | 0.0002441 || 3.999878 |
| | 1.0000000 | 0.0000610 | 0.0000610 || |
|16 | 3.9999390 | 0.0001221 | 0.0001221 || 3.999939 |
| | 1.0000000 | 0.0000305 | 0.0000305 || |
|17 | 3.9999695 | 0.0000610 | 0.0000610 || 3.999969 |
| | 1.0000000 | 0.0000153 | 0.0000153 || |
|18 | 3.9999847 | 0.0000305 | 0.0000305 || 3.999985 |
| | 1.0000000 | 0.0000076 | 0.0000076 || |
|19 | 3.9999924 | 0.0000153 | 0.0000153 || 3.999992 |
| | 1.0000000 | 0.0000038 | 0.0000038 || |
|20 | 3.9999962 | 0.0000076 | 0.0000076 || 3.999996 |
| | 1.0000000 | 0.0000019 | 0.0000019 || |
|21 | 3.9999981 | 0.0000038 | 0.0000038 || 3.999998 |
| | 1.0000000 | 0.0000010 | 0.0000010 || |
|22 | 3.9999990 | 0.0000019 | 0.0000019 || 3.999999 |
| | 1.0000000 | 0.0000005 | 0.0000005 || |
|23 | 3.9999995 | 0.0000010 | 0.0000010 || 4.000000 |
| | 1.0000000 | 0.0000002 | 0.0000002 || |
|24 | 3.9999998 | 0.0000005 | 0.0000005 || 4.000000 |
| | 1.0000000 | 0.0000001 | 0.0000001 || |
|25 | 3.9999999 | 0.0000002 | 0.0000002 || 4.000000 |
| | 1.0000000 | 0.0000001 | 0.0000001 || |

|59 | 4.0000005 | 0.0000000 | 0.0000014 || 4.000000 |
| | 1.0000000 | 0.0000000 | 0.0000003 || |
|60 | 4.0000007 | 0.0000000 | 0.0000021 || 4.000001 |
| | 1.0000000 | 0.0000000 | 0.0000005 || |

|80 | 4.0022829 | 0.0000000 | 0.0068487 || 4.002283 |
| | 1.0000000 | 0.0000000 | 0.0017112 || |
|81 | 4.0034224 | 0.0000000 | 0.0102672 || 4.003422 |
| | 1.0000000 | 0.0000000 | 0.0025646 || |

|97 | 5.0592278 | 0.0000000 | 3.1776834 || 5.059228 |
| | 1.0000000 | 0.0000000 | 0.6280965 || |

|130| 5.9999973 | 0.0000000 | 5.9999918 || 5.999997 |
| | 1.0000000 | 0.0000000 | 0.9999991 || |
|131| 5.9999982 | 0.0000000 | 5.9999945 || 5.999998 |
| | 1.0000000 | 0.0000000 | 0.9999994 || |
|132| 5.9999988 | 0.0000000 | 5.9999963 || 5.999999 |
| | 1.0000000 | 0.0000000 | 0.9999996 || |
|133| 5.9999992 | 0.0000000 | 5.9999976 || 5.999999 |
| | 1.0000000 | 0.0000000 | 0.9999997 || |
|134| 5.9999995 | 0.0000000 | 5.9999984 || 5.999999 |
| | 1.0000000 | 0.0000000 | 0.9999998 || |
|135| 5.9999996 | 0.0000000 | 5.9999989 || 6.000000 |
| | 1.0000000 | 0.0000000 | 0.9999999 || |
|136| 5.9999998 | 0.0000000 | 5.9999993 || 6.000000 |
| | 1.0000000 | 0.0000000 | 0.9999999 || |
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Poznámka:

Iteračńı proces ukončujeme použit́ım zastavovaćı podḿınky ve tvaru
j�(k+1)1 � �

(k)
1 j < " .

Posud’te výsledky źıskané pro následuj́ıćı p̌ŕıklad. Kde je problém ?

výsledky v MATLABu



Numerické metody
Josef Daněk
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A =
3 3 0
0 4 2
0 0 1

>> [v,c]=eig(A,’nobalance’)

v =
1.0000 1.0000 1.0000

0 0.3333 -0.6667
0 0 1.0000

c =
3 0 0
0 4 0
0 0 1

>> y=[1 1 1]’
>> alpha=(v\y)’

alpha =
-5 5 1

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 6.000000e+000 | 6.000000e+000 | 1.000000e+000 || 6.0000000 |
| 2 | 3.600000e+001 | 2.600000e+001 | 1.000000e+000 || 6.0000000 |

>> y=[1 0 1]’
>> alpha=(v\y)’

alpha =
-2 2 1

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 1.000000e+000 | 0.000000e+000 | 1.000000e+000 || |
| 1 | 3.000000e+000 | 2.000000e+000 | 1.000000e+000 || 3.0000000 |
| 2 | 1.500000e+001 | 1.000000e+001 | 1.000000e+000 || 5.0000000 |
| 3 | 7.500000e+001 | 4.200000e+001 | 1.000000e+000 || 5.0000000 |
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>> y=[3 2 1]’
>> alpha=(v\y)’

alpha =
-6 8 1

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 3.000000e+000 | 2.000000e+000 | 1.000000e+000 || |
| 1 | 1.500000e+001 | 1.000000e+001 | 1.000000e+000 || 5.0000000 |
| 2 | 7.500000e+001 | 4.200000e+001 | 1.000000e+000 || 5.0000000 |

Všechny p̌redpoklady byly splněny, byla použita i vhodná počátečńı volba vektoru y(0).
Jediné, co se stalo je skutečnost, že v posloupnosti p̌ribližných řešeńı generovaných mocninnou metodou

se objevily dva po sobě jdoućı stejné členy, které zdaleka nebyly limitou této posloupnosti.

výsledky v MATLABu

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 6.000000e+000 | 6.000000e+000 | 1.000000e+000 || 6.0000000 |
| 2 | 3.600000e+001 | 2.600000e+001 | 1.000000e+000 || 6.0000000 |

| 3 | 1.860000e+002 | 1.060000e+002 | 1.000000e+000 || 5.1666667 |
| 4 | 8.760000e+002 | 4.260000e+002 | 1.000000e+000 || 4.7096774 |
| 5 | 3.906000e+003 | 1.706000e+003 | 1.000000e+000 || 4.4589041 |
| 6 | 1.683600e+004 | 6.826000e+003 | 1.000000e+000 || 4.3102919 |
| 7 | 7.098600e+004 | 2.730600e+004 | 1.000000e+000 || 4.2163222 |
| 8 | 2.948760e+005 | 1.092260e+005 | 1.000000e+000 || 4.1540022 |
| 9 | 1.212306e+006 | 4.369060e+005 | 1.000000e+000 || 4.1112400 |
|10 | 4.947636e+006 | 1.747626e+006 | 1.000000e+000 || 4.0811775 |
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 1.000000e+000 | 0.000000e+000 | 1.000000e+000 || |
| 1 | 3.000000e+000 | 2.000000e+000 | 1.000000e+000 || 3.0000000 |
| 2 | 1.500000e+001 | 1.000000e+001 | 1.000000e+000 || 5.0000000 |
| 3 | 7.500000e+001 | 4.200000e+001 | 1.000000e+000 || 5.0000000 |

| 4 | 3.510000e+002 | 1.700000e+002 | 1.000000e+000 || 4.6800000 |
| 5 | 1.563000e+003 | 6.820000e+002 | 1.000000e+000 || 4.4529915 |
| 6 | 6.735000e+003 | 2.730000e+003 | 1.000000e+000 || 4.3090211 |
| 7 | 2.839500e+004 | 1.092200e+004 | 1.000000e+000 || 4.2160356 |
| 8 | 1.179510e+005 | 4.369000e+004 | 1.000000e+000 || 4.1539356 |
| 9 | 4.849230e+005 | 1.747620e+005 | 1.000000e+000 || 4.1112242 |
|10 | 1.979055e+006 | 6.990500e+005 | 1.000000e+000 || 4.0811737 |
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k || lambda_k |
-------------------------------------------------------------------
| 0 | 3.000000e+000 | 2.000000e+000 | 1.000000e+000 || |
| 1 | 1.500000e+001 | 1.000000e+001 | 1.000000e+000 || 5.0000000 |
| 2 | 7.500000e+001 | 4.200000e+001 | 1.000000e+000 || 5.0000000 |

| 3 | 3.510000e+002 | 1.700000e+002 | 1.000000e+000 || 4.6800000 |
| 4 | 1.563000e+003 | 6.820000e+002 | 1.000000e+000 || 4.4529915 |
| 5 | 6.735000e+003 | 2.730000e+003 | 1.000000e+000 || 4.3090211 |
| 6 | 2.839500e+004 | 1.092200e+004 | 1.000000e+000 || 4.2160356 |
| 7 | 1.179510e+005 | 4.369000e+004 | 1.000000e+000 || 4.1539356 |
| 8 | 4.849230e+005 | 1.747620e+005 | 1.000000e+000 || 4.1112242 |
| 9 | 1.979055e+006 | 6.990500e+005 | 1.000000e+000 || 4.0811737 |
|10 | 8.034315e+006 | 2.796202e+006 | 1.000000e+000 || 4.0596724 |
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Poznámka:

Pro urychlováńı konvergence metody
• lze použ́ıt nap̌r. Aitkenův proces,

• pokud plat́ı, že �1 a �2 jsou si velmi bĺızká, rychlost konvergence mocninné metody bude malá;
p̌redpokládáme-li nap̌r., že jsou všechna vlastńı č́ısla reálná, lze použ́ıt Wilkinsonovu metodu:

A má vlastńı č́ısla �1; �2; : : : ; �ncA = A� pI má vlastńı č́ısla �1 � p; �2 � p; : : : ; �n � p

Uvažujme pro jednoduchost, že jsou všechna �i > 0.

Pomalou konvergenci způsobuje pod́ıl
������2�1

����� / 1.

Chceme tento pod́ıl co nejv́ıce zmenšit: �2 � p

�1 � p
<

�2

�1
.

Jak muśıme volit p? popt =
�2 + �n

2
. . . p̌redstavuje posunutý počátek

Př́ıklad:
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A =

264100 99

11

375 . . . vlastńı č́ısla �1 = 100, �2 = 99, �3 = 11 ) popt =
99 + 11

2
= 55

cA = A� 55I =

26445 44

�44

375 . . . vlastńı č́ısla b�1 = 45, b�2 = 44, b�3 = �44
�2

�1
=

99

100
= 0; 99

b�2b�1 =
44

45
:
= 0; 9778

výsledky v MATLABu

n 0.99ˆn 0.9778ˆn
------------------------------------

1 0.9900 0.9778
2 0.9801 0.9561
3 0.9703 0.9349
4 0.9606 0.9141
5 0.9510 0.8938
6 0.9415 0.8740
7 0.9321 0.8546
8 0.9227 0.8356
9 0.9135 0.8171

10 0.9044 0.7989
11 0.8953 0.7812
12 0.8864 0.7638
13 0.8775 0.7469
14 0.8687 0.7303
15 0.8601 0.7141
16 0.8515 0.6982
17 0.8429 0.6827
18 0.8345 0.6676
19 0.8262 0.6528
20 0.8179 0.6383
21 0.8097 0.6241
22 0.8016 0.6102
23 0.7936 0.5967
24 0.7857 0.5834
25 0.7778 0.5705
26 0.7700 0.5578
27 0.7623 0.5454
28 0.7547 0.5333
29 0.7472 0.5215
30 0.7397 0.5099
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Metoda Rayleighova pod́ılu

Chceme určit vlastńı č́ıslo matice A s nejvěťśı absolutńı hodnotou (dominantńı vlastńı č́ıslo).
Při odvozeńı metody Rayleighova pod́ılu budeme nav́ıc (oproti mocninné metodě)

p̌redpokládat, že matice A je symetrická (reálná). Potom muśı být vlastńı vektory ortonormálńı�
vT
i vj = 0 pro i 6= j a vT

i vi = 1
�
:

Odvozeńı:

6. krok z odvozeńı mocninné metody nahrad́ıme vyjáďreńım součinu y(k)Ty(k)

y(k)Ty(k) = �k1

�
�1v

T
1 +

"Tkz }| {
nX
i=2

�i

 
�i

�1

!k

vT
i

�
: �k1

�
�1v1 +

"kz }| {
nX
i=2

�i

 
�i

�1

!k

vi

�
=

= �2k1

�
�2
1 +

nX
i=2

�2
i

 
�i

�1

!2k

| {z }
"Tk "k

�

a součinu y(k)Ty(k+1)T

y(k)Ty(k+1) = �k1

�
�1v

T
1 +

"Tkz }| {
nX
i=2

�i

 
�i

�1

!k

vT
i

�
: �k+11

�
�1v1 +

"k+1z }| {
nX
i=2

�i

 
�i

�1

!k+1

vi

�
=

= �2k+11

�
�2
1 +

nX
i=2

�2
i

 
�i

�1

!2k+1

| {z }
"Tk "k+1

�
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Dostáváme:

lim
k!1

y(k)TAy(k)

y(k)Ty(k)
= lim

k!1

y(k)Ty(k+1)

y(k)Ty(k)
=

�2k+11 (�2
1 +

! 0z }| {
"Tk "k+1)

�2k1 (�2
1 + "Tk "k| {z }
! 0

)
= �1:

Poznámka: Součin "Tk "k konverguje k nule (pro k ! 1) zhruba dvakrát rychleji než "k k nulovému
vektoru

) metoda Rayleighova pod́ılu bude rychleǰśı než mocninná metoda.

Př́ıklad
Metodou Rayleighova pod́ılu určete dominantńı vlastńı č́ıslo matice A, kde

A =

264 1 1 0

1 1 1

0 1 1

375 a y(0) = [1; 1; 1]T :

Řešeńı:

y(1) = [2; 3; 2]T �
(1)
1 = y(0)Ty(1)

y(0)Ty(0)
= 7

3
� 2; 3333;

y(2) = [5; 7; 5]T �
(2)
1 = 41

17
� 2; 4117;

y(3) = [12; 17; 12]T �
(3)
1 = 60+119+60

25+49+25
= 239

99
� 2; 41417:

Př́ıklad 3

Pro stejné zadáńı symetrické matice A porovnejme rychlost konvergence mocniné metody a metody
Rayleighova pod́ılu.

A =

266664
60 20 10 1

20 50 10 2

10 10 30 5

1 2 5 10

377775 ; y(0) =

266664
1

1

1

1

377775 ; " = 10�5:

výsledky v MATLABu
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A =
60 20 10 1
20 50 10 2
10 10 30 5
1 2 5 10

>> [v,c]=eig(A,’nobalance’)

v =
0.029201136324116 0.070393944798935 -0.657594927428575 -0.749507103097250

-0.002755406652908 0.347503151150767 0.720730957555407 -0.599817350945878
-0.241058474917619 -0.907169537175591 0.206770509289230 -0.276007606741715
0.970067272431118 -0.226560551059880 0.073224003781179 -0.047728910858600

c =
8.781938031360916 0 0 0

0 26.642118061325501 0 0
0 0 34.824093743363321 0
0 0 0 79.751850163950266

>> y=[1 1 1 1]’
>> alpha=(v\y)’

alpha =
0.755454527184707 -0.715832992285768 0.343130543197241 -1.673060971643443

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k | y(4)_k || lambda_k |
-----------------------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 9.100000e+001 | 8.200000e+001 | 5.500000e+001 | 1.800000e+001 || 91.0000000 |
| 2 | 7.668000e+003 | 6.506000e+003 | 3.470000e+003 | 7.100000e+002 || 84.2637363 |
| 3 | 6.256100e+005 | 5.147800e+005 | 2.493900e+005 | 4.513000e+004 || 81.5871153 |
| 4 | 5.037123e+007 | 4.083536e+007 | 1.911125e+007 | 3.353420e+006 || 80.5153850 |
| 5 | 4.033447e+009 | 3.247012e+009 | 1.502171e+009 | 2.611324e+008 || 80.0744179 |
| 6 | 3.222299e+011 | 2.585635e+011 | 1.191754e+011 | 2.064965e+010 || 79.8894588 |
| 7 | 2.571747e+013 | 2.060583e+013 | 9.486443e+012 | 1.641730e+012 || 79.8109287 |
| 8 | 2.051671e+015 | 1.642789e+015 | 7.560349e+014 | 1.307786e+014 || 79.7773243 |
| 9 | 1.636471e+017 | 1.309947e+017 | 6.027953e+016 | 1.042521e+016 || 79.7628684 |
|10 | 1.305194e+019 | 1.044633e+019 | 4.806931e+018 | 8.312864e+017 || 79.7566267 |
|11 | 1.040944e+021 | 8.330871e+020 | 3.833471e+020 | 6.629211e+019 || 79.7539244 |
|12 | 8.301813e+022 | 6.643928e+022 | 3.057218e+022 | 5.286774e+021 || 79.7527521 |
|13 | 6.620882e+024 | 5.298622e+024 | 2.438173e+024 | 4.216253e+023 || 79.7522427 |
|14 | 5.280287e+026 | 4.225737e+026 | 1.944484e+026 | 3.362525e+025 || 79.7520212 |
|15 | 4.211131e+028 | 3.370099e+028 | 1.550760e+028 | 2.681670e+027 || 79.7519247 |
|16 | 3.358456e+030 | 2.687715e+030 | 1.236759e+030 | 2.138680e+029 || 79.7518827 |
|17 | 2.678431e+032 | 2.143502e+032 | 9.863383e+031 | 1.705636e+031 || 79.7518643 |
|18 | 2.136099e+034 | 1.709482e+034 | 7.866230e+033 | 1.360276e+033 || 79.7518563 |
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Metoda Rayleighova podilu pro vypocet dominantniho vlastniho cisla matice A

| k | y(1)_k | y(2)_k | y(3)_k | y(4)_k || lambda_k |
-----------------------------------------------------------------------------------
| 0 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 | 1.000000e+000 || |
| 1 | 9.100000e+001 | 8.200000e+001 | 5.500000e+001 | 1.800000e+001 || 61.5000000 |
| 2 | 7.668000e+003 | 6.506000e+003 | 3.470000e+003 | 7.100000e+002 || 78.1796884 |
| 3 | 6.256100e+005 | 5.147800e+005 | 2.493900e+005 | 4.513000e+004 || 79.5606714 |
| 4 | 5.037123e+007 | 4.083536e+007 | 1.911125e+007 | 3.353420e+006 || 79.7252270 |
| 5 | 4.033447e+009 | 3.247012e+009 | 1.502171e+009 | 2.611324e+008 || 79.7478446 |
| 6 | 3.222299e+011 | 2.585635e+011 | 1.191754e+011 | 2.064965e+010 || 79.7512057 |
| 7 | 2.571747e+013 | 2.060583e+013 | 9.486443e+012 | 1.641730e+012 || 79.7517406 |
| 8 | 2.051671e+015 | 1.642789e+015 | 7.560349e+014 | 1.307786e+014 || 79.7518308 |
| 9 | 1.636471e+017 | 1.309947e+017 | 6.027953e+016 | 1.042521e+016 || 79.7518466 |
|10 | 1.305194e+019 | 1.044633e+019 | 4.806931e+018 | 8.312864e+017 || 79.7518495 |
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Poznámka:

Pokud jsme vypoč́ıtali �1, v1 a chceme určit daľśı vlastńı č́ısla, resp. vlastńı vektory �2, v2, �3, v3, . . .
(ovšem ne všechny), můžeme použ́ıt metody využ́ıvaj́ıćı znalosti �1, v1 atd.

� Maticová redukce

Věta: Necht’ �1 je vlastńı č́ıslo matice A a v1 jemu odpov́ıdaj́ıćı vlastńı vektor. Necht’ w je libovolný vektor,
pro který wTv1 = 1. Pak matice

W1 = A� �1v1w
T

má stejná vlastńı č́ısla jako matice A, s výjimkou vlastńıho č́ısla �1, které je nahrazeno č́ıslem 0

(W1 . . . redukovaná matice).

Otázka: Jak volit vektor w ?
1. Hotellingova redukce

w . . . levý vlastńı vektor vlastńıho č́ısla �1 (je normalizován: wTv1 = 1)

obvykle levý vlastńı vektor neznáme a může být wTv1 = 0

užijeme tuto metodu pro symetrické matice, protože potom w = v1

(tj. pravý a levý vlastńı vektor odpov́ıdaj́ıćı stejnému vlastńımu č́ıslu je stejný)

2. Wielandtova redukce
(viz literatura)

3. podobnostńı redukce
(viz literatura)

� Anihilačńı postupy
Je-li w libovolný vektor a �1, v1 vlastńı č́ıslo a vektor matice A, pak vektor
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u = (A� �1I)w

nemá složku ve směru vektoru v1

Cv. vyjáďŕıme vektor w jako lineárńı kombinaci vlastńıch vektor̊u vi a ově̌ŕıme

w =
nX
i=1

�ivi

u = (A� �1I)(
nX
i=1

�ivi) =
nX
i=1

(�i Avi| {z }
�ivi

��i�1vi) = �1�1v1 � �1�1v1 +
nX
i=2

(�i�ivi � �1�ivi) =

= 0 � v1 +
nX
i=2

�i(�i � �1)vi

• Použijeme-li u jako vstup do mocninné metody, źıskáme �2; v2 (pozor na problém se zaokrouhlovaćımi
chybami).

• Abychom odstranili tento problém, odbouráváme stále složku ve směru v1

u = (A� �1I)u

Charakteristika metod na řešeńı úplného problému:

1) metody založené na výpočtech vlastńıch č́ısel pomoćı charakteristického polynomu
Nevýhodné pro velká n (̌rád matice A), protože je obt́ıžné vypoč́ıtat pA(�) = det (A� �I) z definice
determinantu.

2) metody využ́ıvaj́ıćı podobnosti matic
Tato kategorie metod využ́ıvá faktu, že podobné matice maj́ı stejná vlastńı č́ısla.

Princip: konstruujeme posloupnost navzájem podobných matic, která konverguje k matici, jej́ıž vlastńı
č́ısla se daj́ı jednoduchým způsobem určit.

3) sḿı̌sené metody
založené na p̌revodu obecné matice na matici ťŕıdiagonálńı (nap̌r. Givensova, Householderova a Lanczo-
sova metoda) a následný efektivńı výpočet kǒrenů charakteristického polynomu této upravené matice.

Metoda LU-rozkladu (LR-transformace, LR-algoritmus)
(Lower-Upper, Left-Right)

A = LU . . . rozklad matice A na dolńı trojúhelńıkovou matici L a horńı trojúhelńıkovou matici U, kde
na diagonále matice L jsou pro jednoznačnost rokladu jednotky.

Sestroj́ıme matici B, která bude podobná matici A.

B = UL (U = L�1A ) B = UL = L�1AL):
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Postup:

Sestroj́ıme posloupnost matic Ak:
(i) A0 = A, k = 0

(ii) provedeme LU rozklad matice Ak = LkUk

(iii) sestroj́ıme matici Ak+1 = UkLk

(iv) je-li matice Ak+1 horńı trojúhelńıková ) konec,
jinak k = k + 1 a jdi na (ii)

Poznámka:

Dá se ukázat, že když matice Bk = L0L1 : : :Lk konverguj́ı k regulárńı matici, potom matice Ak také
konverguj́ı, a to k horńı trojúhelńıkové matici s vlastńımi č́ısly na diagonále. Plat́ı

Ak+1 = L�1k Ak| {z }
Uk

Lk

a tedy
Ak+1 = L�1k L�1k�1 : : :L

�1
0| {z }

B�1k+1

A0 L0L1 : : :Lk| {z }
Bk+1

Poznámka:

Matice Bk konverguj́ı k matici, jej́ıž sloupce tvǒŕı vlastńı vektory matice A.
Pro symetrickou matici A je důkaz žrejmý

Bk+1 Ak+1| {z }
! Λ

= ABk+1:

Poznámka:

Je-li matice A symetrická a pozitivně definitńı, provád́ıme LU-rozklad ve smyslu Choleského rozkladu
(A = LLT ). Potom lze ukázat, že Ak konverguje k diagonálńı matici.

Nevýhody:

- pomalá konvergence posloupnosti Ak

- velký počet operaćı pro matice věťśıch řádů
- nelze realizovat pro obecné matice A

Metody ortogonálńıch transformaćı

Použijeme podobný princip jako v p̌redchoźım p̌ŕıpadě, tj. sestroj́ıme posloupnost navzájem podobných
matic A0, A1, A2, . . . tak, že

Ak+1 = QT
kAkQk; k = 0; 1; 2 : : :

Požadujeme, aby posloupnost Ak konvergovala k matici, jej́ıž vlastńı č́ısla lehce urč́ıme. Ortogonálńı matici
Qk vyb́ıráme speciálńım postupem. Výhodou tohoto algoritmu je numerická stabilita.
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Poznámka: Pro obecnou matici použ́ıváme metodu QU-rozkladu (QR-transformace).

A = QU Q : : : ortogonálńı matice (QQT = I, tj. QT = Q�1)

U : : : horńı trojúhelńıková matice

B = UQ (U = Q�1A ) B = Q�1AQ ) B = QTAQ):

Motivačńı p̌ŕıklad:
Př́ıkladem ortogonálńı matice je matice rovinné rotace o úhel �:

Q(�) =

"
cos� � sin�

sin� cos�

#
ozn
=

"
c �s
s c

#
:

Pro matici
A =

"
2 1

1 3

#

stanovte matici B = QT (�)AQ(�) tak, aby b12 = 0.

Řešeńı:
Rozeṕı̌seme si prvky matice B:"

b11 b12

b21 b22

#
=

"
c s

�s c

#
�
"
2 1

1 3

#
�
"
c �s
s c

#
=

=

"
2c+ s c+ 3s

�2s+ c �s+ 3c

#
�
"
c �s
s c

#
=

=

"
2c2 + cs+ cs+ 3s2 �2cs� s2 + c2 + 3cs

�2cs+ c2 � s2 + 3cs 2s2 � cs� cs+ 3c2

#
:

Pro splněńı podḿınky b12 = 0 muśı platit

�2cs� s2 + c2 + 3cs = cs� s2 + c2 = 0;

tj.
cos� sin�| {z }
1

2
sin 2�

� sin2 �+ cos2 �| {z }
+cos 2�

= 0:

cos 2� = �1

2
sin 2�

�2 = tan 2�

�
:
= �0; 5535

Po dosazeńı dostaneme, že

B =

"
3; 6180 0

0 1; 3819

#
:

B je diagonálńı matice s vlastńımi č́ısly na diagonále a stejná vlastńı č́ısla má i matice A.
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Poznámka:
Podobně jako v p̌redchoźı metodě, pro dostatečně velké k je Ak horńı trojúhelńıková matice a vlastńı

vektory jsou (p̌ribližně) sloupce matice Q0Q1 : : :Qk�1.

Poznámka:
Pro symetrickou matici A vede uvedený postup na tzv. metodu Jacobiovy diagonalizace.

Jacobiova diagonalizace (speciálńı p̌ŕıpad QR-transformace)

Věta: Je-li A reálná symetrická matice, potom existuje ortogonálńı matice Q tak, že
QTAQ = Λ

(Λ . . . spektrálńı matice = diagonálńı matice s vlastńımi č́ısly na diagonále).

Princip: Matici Q źıskáme součinem matic Qp;q(�), kde

Qp;q(�) =

266666666666666666666666664

1
. . .

1

cos� : : : : : : : : : � sin�
... 1

...
... . . . ...
... 1

...
sin� : : : : : : : : : cos�

1
. . .

1

377777777777777777777777775

 p-tý řádek

 q-tý řádek

" "
p-tý sloupec q-tý sloupec

a parametr � voĺıme tak, abychom vynulovali prvek v pozici (p; q) a tedy i v pozici (q; p).

( D.cv. QT
pq(�)Qpq(�) = I: )

B
ozn:
= A1 = QT

pq(�)AQpq(�)

bp;q =
h
: : : cos� : : : sin� : : :

i
| {z }

p-tý řádek QT
pq

A
h
: : : � sin� : : : cos� : : :

iT
| {z }

q-tý sloupec Qpq

bp;q = apq (cos�
2 � sin�2) + (aqq � app) cos� sin�

požadujeme, aby bp;q = 0 :
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apq cos 2� + (aqq � app)
1

2
sin 2� = 0

.
� 2

2apq cos 2� = �(aqq � app) sin 2�
.
: cos 2�

.
: (aqq � app)

� 2apq
aqq � app

= tan 2� ) � = : : :

Poznámka:
Při výpočtech nemuśıme určovat úhel �, ale stač́ı nám vyjáďrit sin� a cos�. Lze odvodit vzorce pro

sin� = : : : cos� = : : :

Celkovou matici źıskáme takto Q =
Y
p;q

Qp;q(�) - postupně nulujeme všechny nediagonálńı prvky.

Poznámka:
Zbývá zvolit strategii na volbu index̊u p a q. Nejjednoduš̌śı je postupně nulovat všechny mimodiagonálńı

prvky (podobně jako v Gaussově eliminačńı metodě pro řešeńı soustavy lineárńıch rovnic). Uvědomme si ale, že
se źıskané nuly z p̌redchoźıho kroku obecně nezachovaj́ı. Daľśı možnost́ı je nulovat vždy mimodiagonálńı prvek,
který je nejvěťśı v absolutńı hodnotě (zde je ťreba v každé iteraci vyhledat tento prvek, což zpomaĺı výpočet).
Iteračńı proces zastav́ıme, je-li norma trojúhelńıkové matice pod diagonálou menš́ı než zadaná tolerance.

1. varianta - postupné nulováńı

2. varianta - nulováńı nejvěťśıho prvku (v abs. hodnotě)

Vlastńı vektory:

A1 = QT
1 AQ1

A2 = QT
2 A1Q2

...

Ak = QT
kAk�1Qk

) Ak = QT
kQT

k�1 : : : QT
1| {z }

PT
k

A Q1Q2 : : : Qk| {z }
Pk

Pk Ak|{z}
(�)

= A Pk|{z}
(��)

(�) Ak ! Λ (k!1) (��) Pk ! X . . . jej́ıž sloupce jsou vlastńı vektory matice A



Numerické metody
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Givensova transformace

• Slouž́ı pro p̌revod matice A na ťŕıdiagonálńı tvar (p̌redpokládáme, že A je symetrická)

• Opět použ́ıváme podobnostńı transformace

Ak+1 = QT
kAkQk

matice Qk jsou opět maticemi rovinné rotace, ovšem jsou voleny tak, abychom zachovali již anulované
prvky

Q1 =

2666666666666666666664

1

a21

d
�a31

d
a31

d

a21

d

1

. . .

1

3777777777777777777775

d =
q
a221 + a231

A2 = QT
1 AQ1 bude ḿıt 0 v pozici (3,1) a (1,3)

Q2 =

266666666666666666666666664

1

a21

d
�a41

d

1

a41

d

a21

d

1

. . .

1

377777777777777777777777775

d =
q
a221 + a241

A3 = QT
2 A2Q2 bude ḿıt 0 v pozici (4,1) a (1,4)

atd.

Př́ıklad: Převed’te matici A na ťŕıdiagonálńı tvar.

A =

2641 4 3

4 2 6

3 6 5

375

a21 = 4, a31 = 3, d =
p
42 + 32 = 5



Numerické metody
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Q1 =

266666664

1 0 0

0
4

5
�3

5

0
3

5

4

5

377777775
QT

1 Q1 = I ? 266666664

1 0 0

0
4

5
�3

5

0
3

5

4

5

377777775

266666664

1 0 0

0
4

5

3

5

0 �3

5

4

5

377777775 =

2666664
1 0 0

0 1 0

0 0 1

3777775

QT
1 AQ1 =

266666664

1 0 0

0
4

5
�3

5

0
3

5

4

5

377777775

2666664
1 4 3

4 2 6

3 6 5

3777775

266666664

1 0 0

0
4

5

3

5

0 �3

5

4

5

377777775 =

=

266666664

1 4 3

5
26

5

39

5

0
18

5

2

5

377777775

266666664

1 0 0

0
4

5

3

5

0 �3

5

4

5

377777775 =

266666664

1 5 0

5
221

25

78

25

0
78

25
�46

25

377777775

Efektivńı výpočet hodnoty charakteristického polynomu pro ťŕıdiagonálńı matici

A =

266666666664

a1 c1

b2 a2 c2

b3 a3 c3
. . . . . . . . .

. . . . . . cn�1

bn an

377777777775

f�1(�) = 0

f0(�) = 1

fk(�) = (ak � �) fk�1(�) � bk ck�1 fk�2(�) k = 1; 2; : : : n

fn(�) = pA(�)
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A� �I| {z }
= M

=

266666666664

a1 � � c1

b2 a2 � � c2

b3 a3 � � c3
. . . . . . . . .

bn�1 an�1 � � cn�1

bn an � �

377777777775
rozvoj podle posledńıho řádku:

detM = (an � �) det(Mn�1) � bn cn�1 det(Mn�2)

(Mn�1 . . . prvńıch n� 1 řádk̊u a sloupc̊u z M)

M1 = a1 � � = det(M1)

M0 = 1

M�1 = 0

Podstata výpočtu vlastńıch č́ısel ťŕıdiagonálńı matice pomoćı jednoduchého vyjaďrováńı hodnoty charak-
teristického polynomu metodou bisekce:

Př́ıklad:

A =

264 2 �1 0

�1 2 �1
0 �1 2

375
Zvoĺıme interval h0; 5i . . . v něm očekáváme všechna vlastńı č́ısla

Výpočtem snadno urč́ıme

f3(0) = pA(0) = 4

f�1(0) = 0

f0(0) = 1

f1(0) = ( a1|{z}
= 2

�0) f0(0)| {z }
= 1

� b1 c0 f�1(0)| {z }
= 0

= 2

f2(0) = ( a2|{z}
= 2

�0) f1(0)| {z }
= 2

� b2|{z}
= �1

c1|{z}
= �1

f0(0)| {z }
= 1

= 3

f3(0) = ( a3|{z}
= 2

�0) f2(0)| {z }
= 3

� b3|{z}
= �1

c2|{z}
= �1

f1(0)| {z }
= 2

= 4

f3(5) = pA(5) = �21

f�1(5) = 0

f0(5) = 1

f1(5) = ( a1|{z}
= 2

�5) f0(5)| {z }
= 1

� b1 c0 f�1(5)| {z }
= 0

= �3
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f2(5) = ( a2|{z}
= 2

�5) f1(5)| {z }
= �3

� b2|{z}
= �1

c1|{z}
= �1

f0(5)| {z }
= 1

= 8

f3(5) = ( a3|{z}
= 2

�5) f2(5)| {z }
= 8

� b3|{z}
= �1

c2|{z}
= �1

f1(5)| {z }
= �3

= �21

Vypočteme sťred intervalu, s = 0+5
2

= 2;5 a urč́ıme f3(2;5) . . .


