VYPOCET VLASTNICH CISEL
A VLASTNICH VEKTORU

S pojmem wlastniho cisla jsme se jiz setkali naptiklad u ite-
racnich metod pro reSeni soustavy linearnich algebraickych rovnic.
Velikosti vlastnich ¢isel iterac¢ni matice rozhodovaly o konvergenci
prislusné itera¢ni metody. S dlohou na vlastni éisla se setkdme i
v aplikacich pri reseni rady technickych a fyzikalnich problém.

Definice:

Je déna Gtvercova matice A fadu n. Cislo A, pro které m4 sou-
stava.

Av=Xv resp. (A—-A)v=o

nenulové TeSeni, se nazyva vlastni ¢islo matice A a jemu odpovi-
dajici nenulové reSeni v wvlastni vektor matice A.

Homogenni soustava mé nenulové feseni < matice soustavy je
singularni, tj. jeji determinant je nulovy.

Vlastni ¢isla A1, Ag, ..., Ay, jsou koreny charakteristické rovnice

pa()) = det(A — AI) = 0.

Ke kazdému vlastnimu ¢islu A; existuje alespon jeden vlastni vektor v;.

Poznamka:
Charakteristicky polynom je stupné n = dn vlastnich éisel.

Definice:
Matici A = diag(A1, Az, ..., An) nazyvame spektrdlni matici
matice A.




Ulohu na vlastni ¢isla si pfipomeneme na prikladu.

Priklad: Stanovte takova Cisla A, pro kterd ma homogenni
soustava Av = Av nenulové feSeni, a urcete toto reSeni, kde matice

2 0
A=|22
11

N = D

Resime tedy soustavu

A-X)v=| 2 2-X 1 Vg | =
1 1 2—=X|]|ws

o o O

Aby homogenni soustava méla nenulové reSeni, musi byt determi-
nant soustavy nulovy. Hleddme proto takova A, aby

det(A — M) = —X* + 6)* — 11A + 6 = 0.
Dostali jsme algebraickou rovnici stupné 3 a pouze pro jeji koreny
A =3, Ay = 2, Az =1

nazyvané vlastni cisla matice A, bude mit uvazovand soustava
nenulové reseni.




Ke kazdému vlastnimu ¢islu A; mlizeme najit nenulové reseni
homogenni soustavy

(A_)\ZI)V:O

Napr. pro A; = 3 feSime soustavu

-1 0 O0]|wn 0
2 —1 1 Vo | = 0
1 1 —=1}/|ws 0

Matice soustavy je samoziejmé singularni a proto bude existovat
cely systém TeSeni v zavislosti na parametru r € IR. Kazdy vek-
tor [0,7,7]7
zastupce, napi. v\ = [0,1,1]7, a iikdme, Ze v() je viastni vek-
tor odpovidajici vlastnimu ¢islu A;. Podobné bychom nalezli vlastni
vektory odpovidajici vlastnim éislim Ag a As. O

reSi danou soustavu. Ze systému vybereme jednoho

Poznamka:
Vlastni ¢isla horni trojuhelnikové matice jsou rovna jejim diago-
nalnim prvkim, nebot charakteristicky polynom ma tvar:

pa(A) = (a11 — A)(aza — A) ... (apn — A).
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Ulohy na nalezeni vlastnich ¢isel rozdélime do dvou skupin:

Uplny problém - tloha najit viechna vlastni ¢isla

CAastecény problém - tloha najit pouze néktera vl. ¢isla
(obvykle s nejmensi nebo nejvetsi
absolutni hodnotou).

Piiklad: Urdete vlastni ¢isla a vlastni vektory téchto matic:

(2100 ] (2 1]0]
A=0/2]0 B=1|0 20
002 10 0[2)
(210 0] (21 0]
C=|0l/21], D=[021]|.
0[]0 2 100 2]

Reseni: Vsechny zadané matice maji stejny charakteristicky

polynom

pa(N) = pe(N) = pc(A) = pp(N) = (2= A)°,

Vidime, Ze A = 2 je trojnasobné vl. &islo vSech Ctyr matic.




Vlastni vektory

A o) = (1,0 O)T Pozn.: matice A — Ml je nu-

v =(0,1,0)T
v® = (0,0, 1)T

lova, tj. systém vSech TeSeni
rovnice A — A\l = 0 je lin.

kombinac{ v, v®) ).
010
(1) — T
B ”(3>_§(1)’8’%T Pozn.: B—AI=|0 0 0
v 000
C: vM = (1,0,0)7
v =(0,1,0)T
010
D: vV =(1,0,07 Pozn.:D-X=|00 1
000

Poznamka:
Pocet linearné nezavislych vlastnich vektortt mize byt mensi nez je
rad matice.
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7 1
1 3
AT = A
v =
0.2298 -0.9732
-0.9732 ~0.2298
CcC =
2.7639 0
0 7.2361
FETETEETETTETTLHLHT%
A =
3.0000
1.0000 + 1.0000i
AH =
3.0000
1.0000 + 1.0000i
v o=
0.5774 - 0.57741
~0.5774
Cc =
2.0000 0
0 5.0000
vH =
0.5774 - 0.5774i
~-0.5774
cH =

2.0000 0
0 5.0000

Y

OO

o O

.4082
.8165

t

1.00001

0.40821

0.40821



2 0 0 0
0 -1 2 0
0 0 2 1
0 0 0 3
AH =
2 0 0 0
0 -1 0 0
0 2 2 0
0 0 1 3
vV =
1.0000 0 0 0
0 1.0000 0.6667 0.5000
0 0 1.0000 1.0000
0 0 0 1.0000
c =
2 0 0 0
0 -1 0 0
0 0 2 0
0 0 0 3
vH =
1.0000 0 0 0
0 1.0000 0.0000 ~-0.0000
0 -0.6667 1.0000 0.0000
0 0.1667 -1.0000 1.0000
CH =
2.0000 0 0 0
0 -1.0000 0 0
0 0 2.0000 0
0 0 0 3.0000

Vlastni vektory A a AH odpovidajici vlastnimu cislu lambda,
cos uhlu, ktery sviraji a tento uhel

lambda = 2

vlastni_vektor_ A = 1 0 0 0
vlastni_vektor_AH = 1 0 0 0
cosinus_uhlu = 1

uhel = 0

lambda = -1

vliastni_vektor_A = 0 1 0 0
vlastni_vektor_AH = 0 1.0000 -0.6667 0.1667
cosinus_uhlu = 0.8242

uhel = 34.4962

lambda = 2

vlastni_vektor A = 0 0.6667 1.0000 0
vlastni_vektor_AH = 0 0.0000 1.0000 -1.0000

cosinus_uhlu = 0.5883
uhel = 53.9601

lambda = 3
vlastni_vektor A = 0 0.5000 1.0000 1.0000
vlastni_vektor_ AH = 0 -0.0000 0.0000 1.0000

cosinus_uhlu = 0.6667
uhel = 48.1897
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MOCNINNA METODA

Checeme uréit vl. éislo matice A s nejvétsi absolutni hodnotou
(dominantni vlastni cislo).

Predpoklady:
1. A m4 n-linedrné nezavislych vlastnich vektort
2. existuje jediné dominantni vlastni Cislo

3. vlastni &sla lze sefadit: [A1] > |Ae| > |As] > ... > |Aal.



Odvozeni:
1. Zvolime y© jako lin. kombinaci vl. vektord

Y(O) = Q1V] + QaVy -+ ...+ QpVy.

2. Sestrojime posloupnost
y#B) = AyE-1) gy = AFy ),
y(k) = a;Afv + asAfvy + ..+ a, AFv,,.
3. Plati: Av; = A\;v;, potom

v = vy + apdiva + .+ v,
~——

*x

*dominantni vl. ¢islo (vytkneme)

4. dostaneme:

—0
et N

)\ k
y() )\1 a1V1+ZaZ()\1> VZ'}.

E;b-—~>0

5. analogicky pro y*+1)

(k+1)

6. vybereme j-tou slozku y*) a y , vydélime je a provedeme

limitni prechod

0
(k+1) N (g o 4
lim 2J — lim 21 (0‘1'01,] +5k+1,.7)

= )\

[ v < k
k—co yg(']”) k—oo M| (al’vl,j + Ek,j)
N— o~

-0



Priklad: Mocninnou metodou stanovte dominantni vlastni ¢islo
matice A, kde

110
A=[111 a  yU=[1,1,1%
011

Reseni: Pouzijeme itera¢ni formuli

y(k+1) — Ay(k)7 pro k = O, 1, ce

yO =327 AV =4y
y® =575 AP =1r2 3333,
y® = [12:17;12]7 AP = 17 ~ 2, 4985,
y@ =129:41;29]7 AlY =4 ~ 2, 4117,

y®) = [70,99; 70| A% =% ~ 2, 4146.




@ Poznamka: Zastavovaci podminka ve tvaru [/\5’“”) —)\gk)] < 0.

(p Poznamka: Nejlepsi aproximaci dostaneme, délime-li slozky, ktere
maji nejvétsi absolutni hodnotu.

™ Poznamka: Abychom zamezili preteceni, resp. podteceni pri zob-
razeni ¢isel v poéitaci je vhodné v kazdém kroku normovat
vektor y(*) (norma y () roste, resp. klesa pro vlastni &slo v ab-
solutni hodnoté vétsi, resp. mensi nez 1).

Poznamka: Nevyhody mocninné metody:

e odhad chyby

e konvergence (obvykle v praxi nevime, zda jsou splnény predpo-
@ @@' klady mocninné metody) <<

e volba y(® (bude-li vektor y () takovou linearni kombinaci vlast-
nich vektor, ze koeficient u vlastniho vektoru odpovidajiciho
dominantnimu vlastnimu ¢islu bude roven 0, potom mocninné
metoda nevypocte dominantni vlastni ¢islo)



PRETESEN 1y &>
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23 3 lN‘
1 3 37 2 {
] 2 3 4741 (Ig_) (’/c,)
v -

M fﬁgﬂ/“uwéinwka{
c = ‘ '
9, =22.3518 0 0
t 0 9,747.7435 0
0 0 $36.9047
alfa =
1 1 1
y = %: A‘A/;( %1»N’L— *’7,/\5’1
0.7432
~1.4014
~0.7220

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

A=

23 3 1

3 37 2

2 3 47
| % | v(1)_k | v(2)_k | v(3)_k || lambda_k |

0 7.431552e-01 -1.401363e+00 ~7.220286e-01

1 1.216645e+01 -5.106501e+01 -3.665312e+01 36.4395395
2 8.998026e+01 -1.926212e+03 -1.851559e+03 37.7207848
3 ~5.560650e+03 ~7.470303e+04 ~9.262194e+04 50.0237637
4 -4.446260e+05 -2.965938e+06 -4.588461e+06 49.5396833
5 -2.371267e+07 ~1.202505e+08 -2.254448e+08 49.1329733
6 -1.131588e+09 ~4.971296e+09 -1.100408e+10 48.8105405
7 ~5.194449%e+10 ~-2.093409%e+11 ~-5.343688e+11 48.5609722
8 -2.357115e+12 ~8.970184e+12 -2.584725e+13 48.3696750
9 -1.069714e+14 ~3.906626e+14 -1.246445e+15 48.2235261
10 -4.878776e+15 ~1.726832e+16 ~-5.996886e+16 48.1119065
11 -2.239857e+17 -7.735020e+17 -2.880099%e+18 48.0265747
12 -1.035228e+19 -3.505173e+19 -1.381331e+20 47.9612438
13 ~-4.813907e+20 -1.604237e+21 ~6.618117e+21 47.9111481
14 ~-2.25028le+22 -7.403718e+22 -3.168270e+23 47.8726791
15 ~1.056503e+24 -3.440538e+24 -1.515799%e+25 47.8431010
16 -4.977918e+25 -1.607854e+26 ~7.248600e+26 47.8203346
17 -2.352137e+27 ~7.548117e+27 ~3.465033e+28 47.8027958
18 ~1.113938e+29 ~3.556374e+29 -1.655914e+30 47.7892745
19 -5.284885e+30 ~1.680459%e+31 ~7.911767e+31 47.7788446
20 -2.510838e+32 -7.958600e+32 ~-3.779514e+33 47.7707956




0.0440
-0.0035
-0.0017

1.0000
-0.1970
.0572

0.0447

0.8735
-0.9926
1.2780

Mocninna metoda

-0

-1.
.3351

.0035
.0274
.0016

.1917

0000

.0271

-0.0008
-0.0011
0.0214

.0652
.2044
.0000

= OO

0.0209

. - s .
Pod TECEN / (%)

()

~ (%)

pro vypocet dominantniho vlastniho cisla matice A

A =
0.0440 -0.0035
-0.0035 0.0274
-0.0017 -0.0016
| | v(l)_k |
0 8.735404e-01
1 4.091136e-02
2 1.889464e-03
3 8.633491e~05
4 3.91555%e~-06
5 1.767026e-07
6 7.948647e-09
7 3.568223e~10
8 1.599741e~11
9 7.166342e-13
10 3.208696e-14
11 1.436236e-15
12 6.427487e-17
13 2.876115e-18
14 1.286888e-19
15 5.757798e-21
16 2.576088e-22
17 1.152546e~-23
ans =

.926350e-01
.162992e-02
.038892e-03
.565870e-05
.289016e-06
.909421e-08
.958311e-09
.104020e-11
.445034e-12
.491802e-13
.539016e~-15
.888636e~-16
.282312e~17
.709648e-19
.547025e-20
.137500e-21
.083600e-23
.272871e-24

.277971e+00
.746890e-02
.703543e-04
.073746e-05
.441147e-07

.319317e-08
.413123e-10
.514545e~11
.830888e-13
.763440e-14
.748750e-15
.988579%e-17
.616301e~18
.628859%e~19
.316015e~-21
.280662e-22
.469736e~23
.580779e~-25

0.0468340

0.0461843

0.0456928

0.0453531

.0451283
.0449832
.04489509
.0448330
.0447969
.0447745
.0447607
. 0447523
.0447471
.0447440
.0447420
.0447409
.0447401

OO0 OOOCOO
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

A =

OO

O N
woo

1.9999

WHEOPPNMNRUINFHFOWROUOWND

.000000e+00
.000000e+00
.000000e+00
.000000e+00
.700000e+01
.300000e+01
.500000e+01
.290000e+02
.570000e+02
.130000e+02
.025000e+03
.049000e+03
.097000e+03
.193000e+03
.638500e+04
.276900e+04

2.0000

WHEOBNRFUINEFFOWROPRNRE

.000000e+00
.000000e+00
.000000e+00
.000000e+00
.600000e+01
.200000e+01
.400000e+01
.280000e+02
.560000e+02
.120000e+02
.024000e+03
.048000e+03
.096000e+03
.192000e+03
.638400e+04
.276800e+04

3.0000

HEeFEUFUURREOADNDINONMNWYWRE

.000000e+00
.000000e+00
.000000e+00
.700000e+01
.100000e+01
.430000e+02
.290000e+02
.187000e+03
.561000e+03
.968300e+04
.904900e+04
.771470e+05
.314410e+05
.594323e+06
.782969%e+06
.434891e+07

b b s e b e b b s e

.5000000
.6666667
.8000000
.8888889
.9411765
.9696970
.9846154
.9922481
.9961089
.9980507
.9990244
.9995120
.9997559
.9998779
.9999390

NN




2.5

1.5

10

15



4 3 1
3 7 2
2 3 7
v =
~-0.5509 -1.0000
-0.9350 0.6025
-1.0000 0.0397
C =
10.9067 0
0 2.1527
0 0
alfa =
1 1 1
y:
-1.9112
-0.7787
0.0397

0.3603
0.4463
1.0000

4.9405

Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

A =
4 3 1
3 7 2
2 3 7
| k| y(i)_k
lambda_k 3 |

0 | -1.911196e+00

|
1 ] -9.941311e+00
| -148.1393007
2 | -7.896214e+01

| 16.0462795 |

3 | -7.681818e+02
| 12.4670634 |

4 | -8.031796e+03
| 11.5212562 |

5 | -8.613194e+04
| 11.1695397

6 | -9.326860e+05
| 11.0228411

7 | -1.014042e+07
| 10.9587470

8 | -1.104426e+08
| 10.9301774 |

9 | -1.203801e+09
| 10.9173292 |
10 | -1.312576e+10
| 10.9115282 |

.787418e-01
.110539%e+01
.193231e+02
.260876e+03
.348356e+04
.455885e+05
.580301e+06
.719772e+07
.873808e+08
.042769%e+09

.227528e+10

.880736e+00
.436393e+01
.176441e+03
.355408e+04
.513928e+05
.668779e+06
.828773e+07
.998881e+08
.182244e+09

.381162e+10

lambda_k 1 || lambda_k 2 ||
|
|| 5.2016183 || 14.2606776
|| 7.9428291 || 10.7446162
|| 9.7284827 || 10.5669058
|| 10.4555931 || 10.6938030
|| 10.7238705 || 10.7974800
|| 10.8285725 || 10.8545738
|| 10.8722821 || 10.8825623
|| 10.8913176 || 10.8956749
|| 10.8997878 || 10.9017022
|| 10.9035944 || 10.9044499
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-1.431405e+11

.9089043

~1.561103e+12

.9077165

-1.702608e+13

.9071786

-1.856966e+14

.9069350

~2.025333e+15

.9068247 |

.9067 10.9067

| -2

.429274e+11
.649431e+12
.889607e+13
.151590e+14

.437341le+15

10.9068

| -2.

597587e+11

.833374e+12
.090412e+13
.370692e+14

.676355e+15

|

.9053129
.9060902
.9064420
.9066014

.9066735

|
||
|
|
|

.9056981
.9062642
.9065208
.9066370

.9066897
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

| x| vk | y(@2_k | y3)_k || lambda k |
0 1.0000000 1.0000000 1.0000000
1 5.0000000 0.0000000 1.0000000 5.000000
1.0000000 0.0000000 0.2000000
2 3.2000000 -1.0000000 0.2000000 3.200000
1.0000000 -0.3125000 0.0625000
3 2.7500000 ~1.3125000 0.0625000 2.750000
1.0000000 ~-0.4772727 0.0227273
4 2.5454545 -1.4772727 0.0227273 2.545455
1.0000000 -0.5803571 0.0089286
5 2.4285714 -1.5803571 0.0089286 2.428571
1.0000000 -0.6507353 0.0036765
6 2.3529412 ~1.6507353 0.0036765 2.352941
1.0000000 -0.7015625 0.0015625
7 2.3000000 -1.7015625 0.0015625 2.300000
1.0000000 -0.7398098 0.0006793
8 2.2608696 -1.7398098 0.0006793 2.260870
1.0000000 -0.7695312 0.0003005
9 2.2307692 -1.7695312 0.0003005 2.230769
1.0000000 -0.7932381 0.0001347
10 2.2068966 -1.7932381 0.0001347 2.206897
1.0000000 -0.8125610 0.0000610
20 2.1016949 -1.8983051 0.0000001 2.101695
1.0000000 -0.9032258 0.0000000
40 2.0504202 -1.9495798 0.0000000 2.050420
1.0000000 -0.9508197 0.0000000
60 2.0335196 ~-1.9664804 0.0000000 2.033520
1.0000000 -0.9670330 0.0000000
80 2.0251046 ~-1.9748954 0.0000000 2.025105
1.0000000 ~0.9752066 0.0000000
100 | 2.0200669 | =-1.9799331 | 0.0000000 || 2.020067 |
|  1.0000000 | -0.9801325 | 0.0000000 |
150 | 2.0133630 | -1.9866370 | 0.0000000 || 2.013363 |
|  1.0000000 | -0.9867257 | 0.0000000 |
300 | 2.0066741 | -1.9933259 | 0.0000000 || 2.006674 |
| 1.0000000 | -0.9933481 | 0.0000000 | |




449 | 2.0044577 | -1.9955423 | 0.0000000 || 2.004458 |
| 1.0000000 | -0.9955523 | 0.0000000 | |

ans =

2.0045
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

| x| vyl k
0 7.0000000
1 60.000000
1.0000000
2 9.1666667
1.0000000
3 9.5454545
1.0000000
4 9.7619048
1.0000000
5 9.8780488
1.0000000
6 9.9382716
1.0000000
7 9.9689441
1.0000000
8 9.9844237
1.0000000
9 9.9921997
1.0000000
10 9.9960968
1.0000000
11 9.9980476
1.0000000
12 9.9990236
1.0000000
13 9.9995118
1.0000000
14 9.9997559
1.0000000
15 9.9998779
1.0000000
16 9.9999390
1.0000000
17 9.9999695
1.0000000
18 9.9999847
1.0000000
19 9.9999924

| v(2)_k

-2.0000000 |
0 | =-35.0000000 |
-0.
.0833333
7727273
.4090909
.8809524
.1666667
.9390244
.5731707
.9691358
.7839506
.9844720
.8913043
.9922118
.9454829
.9960998
.9726989
.9980484
.9863388
.9990238
.9931667
.9995118
.9965827
.9997559
.9982912
.9998779
.9991455
.9999390
.9995728
.9999695
.9997864
.9999847
.9998932
.9999924
.9999466
.9999962
.9999733

5833333

v(3)_k || lambda_k |
3.5000000 || |
30.0000000 || 8.571429 |

0.5000000

4.5833333 9.166667
0.5000000

4.7727273 9.545455
0.5000000

4.8809524 9.761905
0.5000000

4.9390244 9.878049
0.5000000

4.9691358 9.938272
0.5000000

4.9844720 9.968944
0.5000000

4.9922118 9.984424
0.5000000

4.9960998 9.992200
0.5000000

4.9980484 9.996097
0.5000000

4.9990238 9.998048
0.5000000

4.9995118 9.999024
0.5000000

4.9997559 9.999512
0.5000000

4.9998779 9.999756
0.5000000

4.9999390 9.999878
0.5000000

4.9999695 9.999939
0.5000000

4.9999847 9.999969
0.5000000

4.9999924 9.999985
0.5000000

4.9999962 9.999992




20
21
22
23
24
25
50
60
70

80

90

100 |
110 |
120 |

130 |

1
|
|
1

1.0000000 -0.9999981
9.9999962 -9.9999866
1.0000000 ~0.9999990
9.9999981 ~9.9999933
1.0000000 -0.9999995
9.9999990 -9.9999967
1.0000000 -0.9999998
9.9999995 -9.9999983
1.0000000 -0.9999999
9.9999998 -9.9999992
1.0000000 -0.9999999
9.9999999 -9.9999996
10.0000002 | -10.0000002
1.0000000 | ~-1.0000000 |
10.0000132 | -10.0000132
1.0000000 | -1.0000000 |
10.0007596 | -10.0007596
1.0000000 | -1.0000000 |
10.0434279 ~-10.0434279
1.0000000 | -1.0000000 |
11.6782756 | -11.6782756
1.0000000 | -1.0000000 |
7.7380143 | -7.7380143 |
0.5143836 | -0.5143836 |
7.5040927 | -7.5040927 |
0.5002480 | =-0.5002480 |
7.5000710 | =7.5000710 |
0.5000043 | ~-0.5000043 |
7.5000012 | -7.5000012 |
0.5000001 | -0.5000001 |

.5000000

.5000000
.9999990 9
.5000000

.5000000
.9999998
.5000000
.999999%
.5000000
.9999999

OB OPROPROOPO

4.9999984 ||
0.4999998 ||

4.9999078 ||
0.4999901 ||

4.9946829 ||
0.4994304 ||

4.6960049 ||
0.4675699 ||

-6.7479292 ||

|
~0.5778190 ||

-15.0432753 ||
~1.0000000 ||

-15.0007441 ||
~1.0000000 ||

-15.0000129 ||
-1.0000000 ||

-15.0000002 ||
-1.0000000 ||

.9999981 9.

.9999995 9.
10.
10.

10.

959996
.995998
999999
000000
000000

000000

10.000000

10.000013

10.000760

10.043428

11.678276

15.043275

15.000744

15.000013

15.000000

l
1
l
1

|
|
1
]
l
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A
A =
3 3 0
0 4 2
0 0 1
| k| v(l)_k | vi(2)_k | y(3)_k || lambda_k |
0 1.000000e+00 1.000000e+00 1.000000e+00
1 6.000000e+00 6.000000e+00 1.000000e+00 6.0000000
2 3.600000e+01 2.600000e+01 1.000000e+00 6.0000000
Cc =
1.0000 1.0000 1.0000
0 0.3333 -0.6667
0 0 1.0000
v o=
3 0 0
0 4 0
0 0 1
c\y0 =
-5
5
1
P A R R R E R R R E R R R R R R A E R LR R SRR RS EEEEREE SRR R R R R R R EEE SRR SRR R RS RS R
| % | y(1)_k | v(2)_k | v(3)_k || lambda_k |
0 1.000000e+00 0.000000e+00 1.000000e+00
1 3.000000e+00 2.000000e+00 1.000000e+00 3.0000000
2 1.500000e+01 1.000000e+01 1.000000e+00 5.0000000
3 7.500000e+01 4.200000e+01 1.000000e+00 5.0000000
c\y0 =
-2
2
1
PR R R R R R E R E R R R E R L AR R E R R R EE R EREEREEREE S SRR RS R RS EEEEEEEEEEE RS E SRS L
| k| v(l)_k | y(2)_k y(3)_k || lambda_k |
0 3.000000e+00 2.000000e+00 1.000000e+00
1 1.500000e+01 1.000000e+01L 1.000000e+00 5.0000000
2 7.500000e+01 4.200000e+01 1.000000e+00 5.0000000
c\y0 =
-6
8
1

AX KK IIA I AR AR AT AT AT I AR I A AR T A AR I T A AR I AT AT A A A A F A XA dTd kv ddhvddhror b rdrd



k| vil)_k | vi(2)_k 1 v(3)_k || lambda_k |
0 | 1.000000e+00 | 1.000000e+00 | 1.000000e+00

1 | 6.000000e+00 | 6.000000e+00 | 1.000000e+00 6.0000000
2 | 3.600000e+01 | 2.600000e+01 | 1.000000e+00 6.0000000
3 | 1.860000e+02 | 1.060000e+02 | 1.000000e+00 5.1666667
4 | 8.760000e+02 | 4.260000e+02 | 1.000000e+00 4.7096774
5 | 3.906000e+03 | 1.706000e+03 | 1.000000e+00 4.4589041
6 | 1.683600e+04 | 6.826000e+03 | 1.000000e+00 4.3102919
7 | 7.098600e+04 | 2.730600e+04 | 1.000000e+00 4.2163222
8 | 2.948760e+05 | 1.092260e+05 | 1.000000e+00 4.1540022
9 | 1.212306e+06 | 4.369060e+05 | 1.000000e+00 4.1112400
10 | 4.947636e+06 | 1.747626e+06 | 1.000000e+00 4.0811775
11 | 2.008579e+07 | 6.990506e+06 | 1.000000e+00 4.0596733

LA SRR RS SRS SRS EREEE RS R ERESEESEEEEEEEEEESEESESEREESSEEEEEEREESEEEEEESES]

| k| vi(l)_k | vi(2)_k | y(3)_k || lambda_k |
0 | 1.000000e+00 | 0.000000e+00 | 1.000000e+00
1 | 3.000000e+00 | 2.000000e+00 | 1.000000e+00 3.0000000
2 | 1.500000e+01 | 1.000000e+01 | 1.000000e+00 5.0000000
3 | 7.500000e+01 | 4.200000e+01 | 1.000000e+00 5.0000000
4 | 3.510000e+02 | 1.700000e+02 | 1.000000e+00 4.6800000
5 | 1.563000e+03 | 6.820000e+02 | 1.000000e+00 4.4529915
6 | 6.735000e+03 | 2.730000e+03 | 1.000000e+00 4.3090211
7 | 2.839500e+04 | 1.092200e+04 | 1.000000e+00 4.2160356
8 | 1.179510e+05 | 4.369000e+04 | 1.000000e+00 4.1539356
9 | 4.849230e+05 | 1.747620e+05 | 1.000000e+00 4.1112242
10 | 1.979055e+06 | 6.990500e+05 | 1.000000e+00 4.0811737
11 | 8.034315e+06 | 2.796202e+06 | 1.000000e+00 4.0596724

IR AR RS A S S SRS A EEELEESEESEAEEEEEEEEEEESESEEESEREEESEEEEEEEEEESEEEEEESEESEE S

| k| vi(l)_k | y(2)_k | y(3)_k || lambda_k |
0 | 3.000000e+00 | 2.000000e+00 | 1.000000e+00
1 | 1.500000e+01 | 1.000000e+01 | 1.000000e+00 5.0000000
2 | 7.500000e+01 | 4.200000e+01 | 1.000000e+00 5.0000000
3 | 3.510000e+02 | 1.700000e+02 | 1.000000e+00 4.6800000
4 | 1.563000e+03 | 6.820000e+02 | 1.000000e+00 4.4529915
5 | 6.735000e+03 | 2.730000e+03 | 1.000000e+00 4.3090211
6 | 2.839500e+04 | 1.092200e+04 | 1.000000e+00 4.2160356
7 | 1.179510e+05 | 4.369000e+04 | 1.000000e+00 4.1539356
8 | 4.849230e+05 | 1.747620e+05 | 1.000000e+00 4.1112242
9 | 1.979055e+06 | 6.990500e+05 | 1.000000e+00 4.0811737
10 | 8.034315e+06 | 2.796202e+06 | 1.000000e+00 4.0596724
11 | 3.249155e+07 | 1.11848le+07 | 1.000000e+00 4.0440972

LSRR RS RS ESESSE S SRR EESSEREL SRS SRS SRR EEREEERSEREEREETEESEEEEREEEEES S

| & | y(1)_k | v(2)_k 1 v(3)_k || lambda_k |
0 1.000000e+01 4.000000e+00 1.000000e+00
1 4.200000e+01 1.800000e+01 1.000000e+00 4.2000000
2 1.800000e+02 7.400000e+01 1.000000e+00 4.2857143
3 7.620000e+02 2.980000e+02 1.000000e+00 4.2333333
4 3.180000e+03 1.194000e+03 1.000000e+00 4.1732283
5 1.312200e+04 4.778000e+03 1.000000e+00 4.1264151
6 5.370000e+04 1.911400e+04 1.000000e+00 4.0923640
7 2.184420e+05 7.645800e+04 1.000000e+00 4.0678212
8 8.847000e+05 3.058340e+05 1.000000e+00 4.0500453
9 3.571602e+06 1.223338e+06 1.000000e+00 4.0370770
10 1.438482e+07 4.893354e+06 1.000000e+00 4.0275540
c\y0 =
-5
1%

1
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mocniny cisel a, b

a =

vYys

0

0

1

.9900

.9778

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5
0
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.9778
.9560
.9348
.9140
.8937
.8739
.8544
.8355
.8169
.7987
.7810
.7636
L7467
L7301
.7138
.6980
.6825
.6673
.6525
.6380
.6238
.6099
.5964
.5831
.5702
.5575
.5451
.5330
.5212
.5096

T

T




METODA RAYLEIGHOVA PODILU

Pro pouziti metody Rayleighova podilu budeme navic pfedpo-
kladat, Ze matice A je symetricka (realnd). Potom musi byt vlastni

vektory ortonormaélni (V;-ij —0proi#£j a viv,= 1) :

Odvozeni: 6. krok z odvozeni mocninné metody nahradime vyja-
v 4 e o] T »
dfenfm soucinu y*)” y*)

~

£k €k

A A

~

KT k , ’ T k & Ai ’
.Y( ) y( )=\ [041"1 +Z a’z( ) v } .Allalvﬁz 07 (“) Vz’} =
/\1 )\1

1=2
-t Bt ()

>/

A1

EkEI"

®) T k+1)T

a soucinu y\* y
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k41

BT (k+1 k , A; " E+1
y( ) y( * ) )‘ alvl +Z 87 ( ) } )\ * [041V1+Z 87 ( ) Vz’}
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5;,,51»4-1
Dostavame:
0
_ y(k)r_lAy(k) L y(k)Ty(k+1) . )\%k+1(05% -+ 5%5},34.1) .
b e = T = gt e
k—oo yl\®)'y k—o0 y( ) y(’v) )\1 (Q/1 +5k5k)

—0



Poznamka: Soudin e1 e; konverguje k nule (pro k — co) zhruba
dvakrat rychleji nez e k nulovému vektoru = metoda Raylei-

ghova podilu bude rychlejsi nez mocninna metoda.

Priklad: Metodou Rayleighova podilu urcete dominantni vlastni
¢islo matice A, kde

110
A=|111 a yO=11;1;1"
011
Reseni:
. T oy yOly®
yH =1232" A =LY = Ta2,3333
y©T5 0

y@ =[5:757 AP =4 ~24117,

3
y® =[12;17;12] A = i = oy & 2,41417.
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-0.0992 0.
-0.1574 0
-0.3810 -0.

0.9057 -0.

4.2961
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vy =
0.2682
~-0.3145
0.3409
~-1.9269

Oy

1956

.5175

8018
2259

.3923
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.6925
L6714
.2261
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0.4011
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Mocninna metoda pro vypocet dominantniho vlastniho cisla matice A

s normovanim vlastniho vektoru v kazde iteraci

1.0000000 |
9.0000000
0.8181818 |
7.5454545
0.7217391 |

| k | y(l)_k
0 1.0000000
1 11.000000
1.0000000
2 10.454545
1.0000000
3 10.182608
1.0000000
4 10.033304
1.0000000
5 9.9464635
1.0000000
6 9.8940365
1.0000000
7 9.8615782
1.0000000
8 9.8411263
1.0000000
9 9.8280768
1.0000000
10 9.8196739
1.0000000
11 9.8142265
1.0000000
12 9.8106771
1.0000000
13 9.8083555
1.0000000
14 9.8068324
1.0000000
15 9.8058310
1.0000000
16 9.8051713

0|

5 |

7

9 1

1.0000000 |
10.0000000
0.9090909 |
8.9090909 |
0.8521739 |
8.2956522 |
0.8146883 |
7.9214347
.7895140
.6835475
.7724904
.5289789
.7609613
.4273460
.7531600
.3600862
.7478906
.3154206
7443390
.2857077
.7419501
.2659269
.7403464
.2527553
.7392716
.2439853
.7385525
.2381473
.7380719
.2342623
.7377511
.2316777

~NOoONOoONOoONONONONONONONONOoONNOo

0.6669513 |

UOoOUmouUoUIiouUIouUIoUloUITOUNIOUTOUIO OO

6.7913043 |

6.3680615
.6346923
.1199251
.6152865
.9704692
.6034412
.8787842
.5961302
.82177171
.5915763
.7859583
.5887172
.7632601
.5869095
.7487741
.5857593
.7394734
.5850232
.7334713
.5845497
.7295810
.5842438
. 7270499
.5840453
.7253980

1.0000000 ||
8.0000000
0.7272727
6.3636364
0.6086957
5.6173913
0.5516652 |
5.2399658
.5222572
.0354924
.5062596
.9190748
4971757
.8502811
.4918362
.8084711
.4886098
.7825161
.4866177
. 7661447
.4853669
.7556941
.4845715
.7489630
.4840607
.7445982
.4837302
.7417534
.4835153
.7398921
.4833749
.7386707

OO OPROROPRPROROROPRPOPROBROUICO

lambda_k

|| 11.000000

| 10.454545

| 10.182609

| 10.033305

9

9

.946464
.894037
.861578
.841126
.828077
.819674
.814226
.810677
.808355
.806832
.805831

.805171
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17
18
19
20
21
22
23
24
25
26

277

ans

.0000000
.8047361
.0000000
.8044487
.0000000
.8042587
.0000000
.8041330
.0000000
.8040498
.0000000
.8039947
.0000000
.8039582
.0000000
.8039340
.0000000
.8039180
.0000000
.8039073
.0000000
.8039003
.0000000
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9.8039

oNoNoNoOoONONONONONONONONO

.7375371
.2299587
.73739845
.2288158
.7372996
.2280561
.7372364
.2275512
. 7371943
.2272158
.7371664
.2269929
.7371478
.2268448
.7371354
.2267465
.7371272
.2266812
.7371218
.2266379
.7371181
.2266091
.7371157

coutouUToUouUToULIouUTOUILDUITOULOUIOUTIO

.5839162
.7243169
.5838318
.7236078
.5837766
.7231417
.5837404
.7228349
.5837166
.7226326
.5837009
.7224992
.5836906
.7224110
.5836837
.7223527
.5836792
. 7223141
.5836763
.7222886
.5836743
.7222717
.5836730

OO POPOPOPOPROPROPROPPOPROPO

.4832828
.7378673
.4832223
.7373379
.4831825
.7369886
.4831562
.7367578%
.4831389
. 7366053
.4831274
.7365044
.4831198
.7364376
.4831148
.7363933
.4831115
.7363640
.4831093
. 7363445
.4831078
.7363316
.4831069

.804736
.804449
.804259
.804133
.804050
.803995
.803958
.803934
.803918
.803907

.803900




Metoda Rayleighova podilu pro vypocet dominantniho vlastniho cisla matice A
s normovanim vlastniho vektoru v kazde iteraci

A =
8 1 1 1
1 7 1 1
1 1 6 1
1 1 1 5
kx| vy kx | vy(2)_kx | v3)_k | v()_k || lambda k |
0 1.0000000 | 1.0000000 | 1.0000000 | 1.0000000 |
1 11.0000000 | 10.0000000 | 9.0000000 | 8.0000000 || 9.500000 |
0.5749792 0.5227084 0.4704375 0.4181667
2 6.0111463 5.1225421 4.3384795 3.6589586 9.704918
0.6180831 0.5267143 0.4460947 0.3762245
3 6.2936981 5.1274022 4.1975903 3.4720145 9.769484
0.6437727 0.5244741 0.4293650 0.3551470
4 6.4591674 5.0996031 4.0995839 3.3733468 9.791097
0.6595354 0.5207125 0.4186021 0.3444471
5 6.5600452 5.0675719 4.0363075 3.3210857 9.798875
0.6694068 0.5171103 0.4118770 0.3388936
6 6.6231351 5.0399495 3.9966725 3.2928620 9.801848
0.6756777 0.5141646 0.4077317 0.3359305
7 6.6632482 5.0184918 3.9721632 3.2772266 9.803036
0.6797024 0.5119246 0.4051911 0.3343022
8 6.6890372 5.0026682 3.9570759 3.2683293 9.803525
0.6823050 0.5102895 0.4036355 0.3333809
9 6.7057461 4.9913482 3.9477884 3.2631347 9.803731
0.6839975 0.5091260 0.4026811 0.3328453
10 6.7166326 4.9834060 3.9420557 3.2600312 9.803819
0.6851029 0.5083121 0.4020934 0.3325263
11 6.7237548 4.9779075 3.9385017 3.2581397 9.803857
0.6858272 0.5077496 0.4017296 0.3323323
12 6.7284288 4.9741365 3.9362867 3.2569677 9.803874
0.6863029 0.5073643 0.4015031 0.3322123
13 6.7315032 4.9715684 3.9348982 3.2562317 9.803881
0.6866161 0.5071020 0.4013613 0.3321370
ans =

9.8039



H
20

S

15




9.82

9.815

9.81

9.8056

9.8

9.795

9.79

T

T

7

10

15

20

25




fowalite.  Podeo(  goen. Mol 0 N w

pnad il pl Sl g wedln

/@Wﬂ»\ e /heO/!w) oot %@M// A\“‘A
Af}rLJh/m/qu D/aobgﬂ% ;\7/ > f%/

L / g& (’4"\3"

>

= "1AT 1 CO vy pEDUI cE

V.L\ﬂ/« 4&0&[\ ',\/( /d,, M :%o /va/ce // ‘o A %%

m:fé; '\Aé"/c.gu_q /b“€ /1*1/Z ‘ Z»C@//Zf Au 92 /{’L/A’V?d?
oAt / // I/ZM’O A= /L‘; = 7 , - ay{ AALQ/L’&K
W = A -

e DRI
Mfo %/ZC« A O il L0l Ay
A “Q//%Ww C . / W, . rede L simn” Aw/ )

¢ /\:c’(/g% Mﬂn\ 1

: /KA’\’\—\/\M\_/-\ - 7 ~
PERTRY SR T
(p oot alo g

Mvgzéﬁ /“«é’/%é‘/‘ve ey /P‘w% /5/( 41:' 4?7 '0

7\’\_9 /%c. C/{p /:L,_Q//’
%‘\D{D/Zf F_Q,%bk /LU" — Aj— % /
7) /l@/n LWMv ﬂwé /;ce

g/ 7@%% /uf//

~—



—> ANIHICpcn” PosTo Py

3(__,/4’ o A el s o AV Wl Lt 4 e ddin
M":% - %z])/l’”/
pona pleihe. poi e kit A

& T@Lu‘"&«_gé/uxe /(\ /{/u lﬁ/a//w /L—;/%L//v //‘(‘o Al (“/u,uu,,‘,g M// %
ﬂ/‘-ﬂ// Lo >\«2‘ /U” , ( / 4/(.)/6‘6/‘\, . S C’%Z/E‘Z\/ZL'LTLCV%

b
¢ /{/{’»&0(.0 rotatian AL Aeedo 4’“/‘44‘{1 MZ&"W‘L«/W»M

M/& Wh\ e N/LH /()7

e ::(%r -, I)/w




Metody na reSeni tiplného problému - charakteristika:

1) metody zalozené na vypoctech vlastnich cisel

pomoci charakteristického polynomu

Nevyhodné pro velkd n (fad matice A),

protoze je obtizné vypocitat

pa(A) = det(A — AI) z definice determinantu.

2) metody vyuzivajici podobnosti matic

Tato kategorie metod vyuziva faktu, ze podobné matice maji
stejné vlastni cisla.

Princip: konstruujeme posloupnost navzajem podobnych ma-
tic, kterd konverguje k matici, jejiz vlastni ¢isla se daji jedno-
duchym zplisobem urcit.

3) smiSené metody

zaloZené na prevodu obecné matice na matici tfidiagonalni (napr.
Givensova, Householderova a Lanczosova metoda) a nasledny
efektivni vypocet korent charakteristického polynomu této upra-
vené matice.
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METODA LU-ROZKLADU
(LR-transformace, LR-algoritmus)

A = LU .. .rozklad matice A na dolni trojahelnikovou matici L a
horni trojahelnikovou matici U, kde na diagonale matice L jsou pro
jednoznacnost rokladu jednotky. Sestrojime matici B, kterd bude
podobné matici A.

B=UL (U=L"A=B=UL=L"AL).

Postup:

Sestrojime posloupnost matic Ay:

i) Ag=A, k=0

(ii) provedeme LU rozklad matice Ay = LUy,

(iii) sestrojime matici Ay = ULy

(iv) je-li matice Agy; horni trojihelnikova = konec,
jinak k =k + 1 a jdi na (ii)

Poznamka: Da se ukazat, Ze kdyz matice By = LoL1... Ly
konverguji k regularni matici, potom matice Ay také konverguji, a
to k horni trojuhelnikové matici s vlastnimi ¢isly na diagonale. Plati

Ap1 =L AL Ly
Uy
a tedy
Apq = },glL;E Lyt "AgLoL; ... Ly
B Bii1

&: %ajq’ /B /Ztﬂ\/bm/%# /4 /h«cx, }}dﬂjl ”/K‘U/\C{
//‘Jﬂ\ prd ,/we/fémb eadl ce A

B/LM f/ﬁw /4 Zgg:#,}
1



Poznamka: Je-li matice A symetrickd a pozitivné definitni,
provadime LU-rozklad ve smyslu Choleského rozkladu (A = LL7).
Potom lze ukazat, ze Ay konverguje k diagonalni matici.

Nevyhody:
- pomalda konvergence posloupnosti Ay
- velky pocet operaci pro matice vétsich rada
- nelze realizovat pro obecné matice A

Poznamka: Jestlize pro dostatecné velké k£ je Ay horni troj-
tthelnfkovd, matice, potom vlastni vektory jsou (priblizné) sloupce
matice Bk = L()Ll RN Lk——l-



METODY ORTOGONALNICH TRANSFORMACT

PouZijeme podobny princip jako v pfedchozim piipadé, tj. sestro-
jime posloupnost podobnych matic Ay, A, Ay. .. tak, ze

Ao =QFALQr, k=0,1,2....

Pozadujeme, aby posloupnost Aj konvergovala k matici, jejiz
vlastni &sla lehce uréime. Ortogonalni matici Qj, vybirdme special-
nim postupem. Vyhodou tohoto algoritmu je numerickd stabilita.

Poznamka: Pro obecnou matici pouzivaime metodu Q U-rozkladu
(QR-transformace).

A =QU Q... ortogonalni matice (QQ*=1,tj. Q" =Q™)

U ... horni trojahelnikovd matice

B=UQ (U=Q'A=B=Q'AQ=B=Q"AQ).

Motivaéni ptriklad:
Prikladem ortogonalni matice je matice rovinné rotace o thel a:

OE!I C—S
s c|

cosa — SIin o
SiInQ COoSQ

21
13

stanovte matici B = Q™(a)AQ(«) tak, aby b1y = 0.

Q(a) =

Pro matici

A =




ResSeni: RozepiSeme si prvky matice B:

bir b2 | CS.QI.C———S_
b21 b22 N —S C 13 S C N
2c+s ¢+ 3s | c —s
—28+c¢c —s+ 3¢ s c

| 2 +es+es+ 38 —2¢s — s% 4+ ¢ + 3cs
Tl —2%s+c2—s2+3cs 282 —cs—cs+3c2 |

Pro splnéni podminky b9 = 0 musi platit

—2s— 8+ +3cs=cs—s*+ =0,

t].
cosasin o — sin? o + cos” o = 0.
%sin 200 +C(;S 2¢
L.
Cos 2 = 3 sin 2¢
—2 = tan 2«
a = —0,5535
Po dosazeni dostaneme, Ze
3,6180 0
B=|" :
[ 0 1,3819 }

B je diagonalni matice s vlastnimi ¢isly na diagonale a stejnd vlastni

Gisla, ma 1 matice A.
]




Poznamka: Podobné jako v predchozi metodé, pro dostatecné
velké k£ je Ay horni trojuhelnikova matice a vlastni vektory jsou
(pfiblizné) sloupce matice QpQ; ... Qg-1.

Poznamka: Pro symetrickou matici A vede uvedeny postup
na tzv. metodu Jacobiovy diagonalizace.




SPECIALNI PRIPAD QR-TRANSFORMACE

JACOBIOVA DIAGONALIZACE

Véta: Je-li A redlnad symetrickd matice, potom existuje ortogo-
nalni matice Q tak, 7e QT AQ = A (diagonalni matice s vlast-
nimi ¢isly na diagonéle — spektralni matice).

Princip: Matici Q ziskdme soucinem matic Q, ,(c), kde

1
1
COSQU ... ... ... — sin « + p-ty radek
5 1 -
Qpqla) =
1
sin@ ... ... ... COS ¥ +— g-ty radek
1
1 o
T T
p-ty sloupec g-ty sloupec

a « volime tak, abychom vynulovali prvek v pozici p, g
a tedy i v pozici ¢, p.
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Q = Iy, Qpq(e) — postupné vynulujeme vSechny nediago-
nalni prvky.

Poznamka: Pri vypoctech nemusime urcovat thel «, ale lze
odvodit pfimé vzorce.

Poznamka: Zbyva zvolit strategii na volbu indext p a g. Nej-
jednodussi je postupné nulovat vSechny mimodiagonalni prvky (po-
dobné jako v Gaussové elimina¢ni metodé pro reSeni soustavy line-
arnich rovnic). Uvédomme si ale, Ze se ziskané nuly z predchoziho
kroku obecné nezachovaji. Dalsi moznosti je nulovat vzdy mimodi-
agonalni prvek, ktery je nejvétsi v absolutni hodnoté (zde je tieba,
v kazdé iteraci vyhledat tento prvek, coz zpomali vypocet). [teracni
proces zastavime, je-li norma trojuhelnikové matice pod diagonalou
mensi nez zadana tolerance.
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