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$å�GRVXG�MVPH�VH�S�HGHYãtP�]DEêYDOL�UHSUH]HQWDFt�JHRPHWULFNêFK�REMHNW$�GHILQRYDQêFK
SRPRFt�ERG$��KUDQ�D�OLQHiUQtFK�SORFK��1LFPpQ��Y�SUD[L�MH�YHOPL�þDVWR�QXWQp�UHSUH]HQWRYDW�QHER
PRGHORYDW�N�LYN\��þL�SORFK\��NWHUp�MVRX�XUþHQ\�EX��ERG\�QHER�GDOãtPL�~GDML��QDS���VP�URYêPL
YHNWRU\�

2EHFQ��O]H�N�LYN\�QHER�SORFK\�Y\MiG�LW�EX��LPSOLFLWQt�IXQNFt��SUR�Q�NWHUp�N�LYN\��UHVS�
SORFK\�O]H�QDOp]W�H[SOLFLWQt�IXQNþQt�SRSLV�QDS���YH�WYDUX� y f x= ( ) ��UHVS� z f x z= ( , ) ���

F( )x = 0 �
WM�

F x y( , ) = 0 SUR�N�LYN\�Y�(��
UHVS�

F x y z( , , ) = 0 SUR�N�LYN\�D�SORFK\�Y�(��

QHER�SDUDPHWULFNêPL�IXQNFHPL
x x= ( )u �SUR�N�LYN\�Y�(����UHVS��Y�(��

WM�
x x u= ( ) � � y y u= ( ) ��UHVS� � z z u= ( )

D
x x= ( , )u v � SUR�SORFK\�Y�(����UHVS��Y�(��

� x x u v= ( , ) � y y u v= ( , ) ���UHVS�� z z u v= ( , )
.�LYND�Y�(��P$åH�EêW�QDYtF�XUþHQD�MDNR�SU$VHþQLFH�GYRX�SORFK�REHFQ��QHSODQiUQtFK�SORFK��WM�
�HãHQtP�GYRX�QHOLQHiUQtFK�IXQNFt

F x y z1 0( , , ) = F x y z2 0( , , ) =
S�LþHPå�MH�]�HMPp��åH�REHFQ��MGH�R��HãHQt�VRXVWDY\�QHOLQHiUQtFK�URYQLF��9ODVWQt��HãHQt�SDN�P$åH
REVDKRYDW�Q�NROLN�VDPRVWDWQêFK�N�LYHN�

-H�]QiPR��åH�S�tPND� p �P$åH�EêW�Y�(��Y\MiG�HQD�SRPRFt�URYQLFH
ax by c+ + = 0

QHER�SRPRFt�SDUDPHWULFNpKR�Y\MiG�HQt
x x s( )u u= +0  � u ∈ −∞ ∞( , )

NGH� s = [ , ]s
x

s
y

T �MH�VP�URYê�YHNWRU�S�tPN\�Y�(��
� x0 �MH�ERG��NWHUêP�S�tPND� p �SURFKi]t�
ÒVHþNX�SURFKi]HMtFt�GY�PD�ERG\�x0 �D�x1�MH�SDN�PRåQp�XUþLW�SDUDPHWULFNRX�URYQLFt

x x s( )u u= +0  u ∈< >0 1  ,
NGH� s x x= −1 0 �MH�VP�URYê�YHNWRU�~VHþN\�

5RYLQD� ρ � Y� (�� MH� GHILQRYiQD� W�HPL� ERG\� x0 � �� x1� �� x2 � �� NWHUp� QHOHåt� QD� MHGQp� S�tPFH� p �
5RYQLFL�URYLQ\�ρ �O]H�XUþLW�Y\KRGQRFHQtP�GHWHUPLQDQWX
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QHER�SDUDPHWULFN\
x x s s( , )p q p q= + +0 1 2 p q,  ( , )∈ −∞ ∞

NGH� x0 �MH�ERG��NWHUêP�URYLQD�ρ �SURFKi]t
s s1 2  , �MVRX�U$]QRE�åQp�VP�URYp�YHNWRU\�OHåtFt�QD�URYLQ�� ρ ��S�LþHPå�MH�O]H�QDS���XUþLW

WDNWR
s x x1 1 0= − � D� s x x2 2 0= −

1RUPiOD�URYLQ\�n ��NWHUi�MH�NROPi�QD�URYLQX�ρ �MH�SDN�GiQD�YêUD]HP
n s s= 1 2 x 

NGH�� a b x �]QDþt�YHNWRURYê�VRXþLQ�YHNWRU$� a ��b �
-H�]�HMPp��åH�QDS���WURM~KHOQtN�O]H�YHOPL�MHGQRGXãH�Y\MiG�LW�SRPRFt�SDUDPHWULFNp�URYQLFH��D�WR�

x x s s( , )p q p q= + +0 1 2 p q ,  <  ,   >∈ 0 1

S�LþHPå� p q+ ≤ 1

3�tPNX� Y� (�� MH� QH]E\WQp� GHILQRYDW� MDNR� SU$VHþQLFL� GYRX� URYLQ� ρ1 �D�ρ2 �� NWHUp� QHMVRX
URYQRE�åQp��WM��S�tPND�MH�XUþHQD��HãHQtP�URYQLF�

ρ1 1 1 1 1 0:   a x b y c z d+ + + =
ρ2 2 2 2 2 0:   a x b y c z d+ + + =

QHER�SRPRFt�SDUDPHWULFNpKR�Y\MiG�HQt
x x s( )u u= +0  u ∈ −∞ ∞( , )  ��

WM��SR�UR]HSViQt�GR�VORåHN
�� x u x s ux( ) = +0  y u y s uy( ) = +0  

�� z u z s uz( ) = +0  u ∈ −∞ ∞( , )  
NGH� x0 �MH�ERG�NWHUêP�S�tPND� p �SURFKi]t�

s = [ , , ]s s sx y z
T MH�VP�URYê�YHNWRU�S�tPN\�Y�(��

7URM~KHOQtN��UHVS��REGpOQtN�Y�SURVWRUX�O]H�Y\MiG�LW�DQDORJLFN\�MHNR�Y�S�tSDG��(��
$å�GRVXG�MVPH�VH�]DEêYDOL�URYLQQêPL�~WYDU\��MDNR�MH�S�tPND��URYLQD�DSRG��3UR�SUDNWLFNp

DSOLNDFH�SRþtWDþRYp�JUDILN\�MH�QXWQp�SRVN\WQRXW�L�VORåLW�Mãt�N�LYN\�D�SORFK\�QHå�OLQHiUQt�
9êKRGRX� LPSOLFLWQtKR� SRSLVX� MH� VQDGQRVW� ]MLãW�Qt�� ]GD� GDQê� ERG� OHåt� QD� N�LYFH�� þL

QLNROLY��UHVS��QD�NWHUp�VWUDQ��SORFK\�VH�GDQê�ERG�QDFKi]t��7RWR�MH�YHOPL�YêKRGQp�Y�Q�NWHUêFK
DSOLNDFtFK�� UHVS�� DOJRULWPHFK� SRXåtYDQêFK� Y� SRþtWDþRYp� JUDILFH�� 9� WHFKQLFNp� SUD[L� VH� YãDN
YHOPL� þDVWR� VHWNiYiPH� V� SRåDGDYNHP� QD� SURORåHQt� ERG$� GDQêFK� WDEXONRX� N�LYNRX�� UHVS�
SORFKRX��NWHUi�MH�ÄKODGNi³��'DWD�PRKRX�EêW�]tVNiQD�]�U$]QêFK�SR]RURYiQt��YêSRþW$�DSRG��D�WR
V�URYQRP�UQêP� QHER� QHURYQRP�UQêP� NURNHP�� 1HMMHGQRGXããtP� S�tSDGHP� MH� OLQHiUQt
LQWHUSRODFH�IXQNþQtFK�KRGQRW� f x( ) = 0�PH]L�GY�PD�ERG\� xi �D� xi+1 �SRPRFt�Y]RUFH
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1 �� SUR�∀ ∈< >+x x xi i, 1

9HOPL� þDVWR� VH� SUR� Q�NWHUp� SUREOpP\� SRXåtYDMt� LQWHUSRODFH� ]DORåHQp� QD� SRO\QRPLiOQt
LQWHUSRODFL��]HMPpQD�SDN�QD�SRXåLWt�/DJUDQJHRYD�SRO\QRPX��NWHUê�MH�XþHQ�WDNWR�
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FRå� MH� YêãH� XYHGHQi� URYQLFH� SUR� OLQHiUQt� LQWHUSRODFL� Y� MLQpP� WYDUX�� -H� YãDN� QH]E\WQp
SR]QDPHQDW�� åH�/DJUDQJH$Y�SRO\QRP�VH�Y]U$VWDMtFtP� VWXSQ�P�]Y\ãXMH� ÄRVFLODFH³� D� Y�PQRKD
S�tSDGHFK�GiYi�QHS�LMDWHOQp�YêVOHGN\�
3�tNODG

3URORåWH�ERG\��������������� �� ������ �� ������ �� ������ � OLQHiUQt� LQWHUSRODFt�D�/DJUDQJHRYêP
SRO\QRPHP�

-HQtP�]�PRåQêFK�]S$VRE$��HãHQt�SUREOpPX�SURNOiGiQt�GDQêFK�ERG$� KODGNRX�N�LYNRX�
UHVS�� SORFKRX� MH� SRXåLWt� SDUDPHWULFNpKR� Y\MiG�HQt�� =GH� MH� QH]E\WQp� XSR]RUQLW� QD� WR�� åH� VH
REY\NOH� SUDFXMH� Y� SURVWRUX� SDUDPHWULFNêFK� VRX�DGQLF�� WM�� PiPH�OL� N�LYNX� F x y( , ) = 0 �� SDN
SUDFXMHPH�V�N�LYNDPL�

x x u= ( ) D y y u= ( )
NGH� u �MH�SDUDPHWU�

-H�QXWQp�VL�XY�GRPLW��åH�]�FKRYiQt�N�LYHN� x u( ) �D� y u( ) �O]H�MHQ�YHOPL�W�åNR�XVX]RYDW�QD
YêVOHGQê�WYDU�N�LYN\� F x y( , ) = 0 ��YL]�REU��[[[[��3UR�S�tSDG�(��SDN�REGREQ���YL]�REU�]]]�

3DUDPHWULFNp�N�LYN\
8YDåPH�QHMG�tYH�S�tSDG�NYDGUDWLFNêFK�SDUDPHWULFNêFK�N�LYHN�YH�WYDUX�

x a b c( )u u u= + +2

UR]HSViQtP�GR�VORåHN�SDN�GRVWiYiPH
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3DN�O]H�S�HSVDW�URYQLFL�GR�PDWLFRYpKR�WYDUX��NWHUê�VH�Wpå�QD]êYi�DOJHEUDLFNRX�IRUPRX�
x Au( )u =

NGH��PDWLFH�A �MH�PDWLFH�XUþHQi
[ ]A a b c=   |  |  
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[ ]a = a a ax y z

T
, , �D�DQDORJLFN\�SUR�YHNWRU\�b �� c �

9HNWRU�u �MH�XUþHQ�WDNWR�
[ ]u =      u u

T2 1, ,

3�HGSRNOiGHMPH��åH�MVRX�GiQ\�W�L�ERG\�x( )0 ��x( . )05 ��x( )1 ��3DN�O]H�QDKOpGQRXW��åH
x x c0 0= =( )
x x a b c1 05 025 05= = + +( . ) . .  
x x a b c2 1= = + +( )

����2EU�
-VRX�GiQ\� W�L� ERG\� VYêPL� VRX�DGQLFHPL�Y�(�� �� WM�� GRVWiYiPH���URYQLF�SUR� �� QH]QiPêFK�� /]H
WHG\� YHNWRU\� a ��b ��� c � XUþLW� �HãHQtP� VRXVWDY\� OLQHiUQtFK� URYQLF�� 3R]QDPHQHMPH�� åH� GpOND
N�LYN\�SUR�u ∈< >0 05 , . �MH�REHFQ��UR]GtOQi�RG�GpON\�N�LYN\�SUR�u ∈< >05 1.  , 

/]H�QDKOpGQRXW��åH�SUR�VRX�DGQLFL� x �SODWt�
a x x xx = − +2 4 20 1 2

b x x xx = − + −3 40 1 2

c xx = 0

'RVD]HQtP�GR�URYQLF�SUR� x u( ) �GRVWiYiPH
� x u x x x u x x x u x( ) ( ) ( )= − + + − + − +2 4 2 3 40 1 2

2
0 1 2 0 u ∈< >0 1  ,

ÒSUDYRX�SDN
x u u u x u u x u u x( ) ( ) ( ) ( )= − + + − + + −2 3 1 4 4 22

0
2

1
2

2 u ∈< >0 1  ,
2EHFQ��SDN

x x x x( ) ( ) ( ) ( )u u u u u u u= − + + − + + −2 3 1 4 4 22
0

2
1

2
2 u ∈< >0 1  ,

7HQWR�WYDU�VH�Wpå�Q�NG\�QD]êYi�JHRPHWULFNRX�IRUPRX��3�L�SRXåLWt�PDWLFRYpKR�Y\MiG�HQt�SDN
x B h( )u =

NGH� [ ]B x x x= 0 1 2 |  | �MH�PDWLFt�YHNWRU$�x x x0 1 2 ,   ,  

[ ]h = − + − + −( ) ( ) ( )2 3 1 4 4 22 2 2u u u u u u
T

 ,  ,  

[ ]u =      u u
T2 1, ,

-H�]�HMPp��åH�YHNWRU�hP$åH�EêW�UR]HSViQ�MDNR
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D�WHG\�SODWt
A B M=

S�LþHPå� B �VH�QD]êYi�XQLYHU]iOQt�WUDQVIRUPDþQt�PDWLFt��
M �VH�QD]êYi�EOHQGLQJ�IXQNþQt�PDWLFt�
h �VH�QD]êYi�EOHQGLQJ�IXQNFt�

=�GRVXG�XYHGHQpKR� MH� ]�HMPp�� åH� MH�PRåQp� SURORåLW� W�HPL� ERG\� NYDGUDWLFNRX� N�LYNX�
1LFPpQ��XåLYDWHO�PXVt�]YROLW�KRGQRWX�SDUDPHWUX�u �SUR�YQLW�Qt�ERG�

9� SUD[L� MH� QXWQp� SURNOiGDW� N�LYNX� YtFH� ERG\�� S�LþHPå� MH� Y� ]iVDG�� PRåQp� SRXåtYDW
SDUDPHWULFNp�N�LYN\�Y\ããtFK�VWXS�$�D��HãLW�SUREOpP\�V�WtP�VSRMHQp��QHER�SURNOiGDW�N�LYNX�PpQ�
ERG\� D�MHGQRWOLYp� N�LYN\� �KODGFH�� QDSRMRYDW�� 3UR� DSOLNDFH� Y� WHFKQLFNp� SUD[L� MH� QH]E\WQp
XYDåRYDW�NXELFNp�SDUDPHWULFNp�N�LYN\�Y�(����UHVS�(���S�HGHYãtP�]�G$YRG$�YêKRGQRVWL�H[LVWHQFH
LQIOH[QtKR�EXGX�NXELFNp�N�LYN\��3UR�S�tSDG�NXELFNp�SDUDPHWULFNp�N�LYN\�SDN�GRVWiYiPH

x a b c d( )u u u u= + + +3 2

D� MH� WHG\�QH]E\WQp�XUþLW� ���NRHILFLHQW$�� -H� ]�HMPp�� åH�N�LYND�PXVt�SURFKi]HW�GY�PD�NUDMQtPL
ERG\� x( )0 � D� x( )1 �� -H� WHG\� QH]E\WQp� XUþLW� GDOãt� GYD� ERG\�� QDS��� x( / )1 3 � D� x( / )2 3 �� 3UR
MHGQRGXFKRVW�R]QDþPH�x x1 0= ( ) ��x x2 1 3= ( / ) ���x x3 2 3= ( / ) ��x x4 1= ( ) �

3DN�SUR�VRX�DGQLFL� x �SDN�GRVWiYiPH
x dx1 =

� x a b c dx x x x2

1
27

1
9

1
3

= + + +

� x a b c dx x x x3

8

27

4

9

2

3
= + + +

x a b c dx x x x4 = + + +
ÒSUDYDPL�SDN

a x x x xx = − + − +9
2

27
2

27
2

9
21 2 3 4

b x x x xx = − + −9
45
2

18
9
21 2 3 4   

c x x x xx = − + − +11
2

9
9
21 2 3 4

d xx = 1

9\MiG�HQtP�NRHILFLHQW$�SUR�MHGQRWOLYp�PRFQLQ\�GRVWiYiPH
x u u u u x u u u x

u u u x u u u x

( ) ( . . ) ( . . )

( . . ) ( . . )

= − + − + + − +
+ − + − + − +

45 9 55 1 135 225 9

135 18 45 45 45

3 2
1

3 2
2

3 2
3

3 2
4

      

                                          

3DN
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a b c d
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u
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ÒSUDYDPL�GRVWiYiPH
x X g( )u =  

NGH�
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. .

. .
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u u u
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u u u

3DN�O]H�SViW
[ ] [ ]x X G u x x x x( ) , , ,u g g g g

T= =   |  |  |  1 2 3 4 1 2 3 4

9\MiG�HQtP�Y�PDWLFRYp�IRUP��SDN
A u X G u   =

NGH� [ ]u =   ,      3u u u
T2 1, ,

3DN�Y]WDK�PH]L�DOJHEUDLFNRX�D�JHRPHWULFNRX�IRUPRX�O]H�Y\MiG�LW�Y]WDKHP�
A X G=  

-H�]�HMPp��åH�SU$E�K�N�LYN\�EXGH�]iYLVOê�QD�YROE��KRGQRW�SDUDPHWUX�u �SUR�YQLW�Qt�ERG\�

����2%5
3�tNODG��

2GYR�WH� DQDORJLFNp� Y]WDK\� SUR� MLQp� YQLW�Qt� ERG\�� S�LþHPå� KRGQRW\� u � SUR� MHGQRWOLYp
ERG\� x1 � �� x2 � �� x3� �� x4 � YROWH� QDS��� WDNWR� �������������� �� �������������� �� �������������� DSRG�
3RNXVWH� VH� ]RGSRY�G�W�� FR� VH� VWDQH� SRNXG� KRGQRW\� u � YROtPH� ��������������� WM�� SRVORXSQRVW
QHQt�PRQRWyQQt��
+HUPLWRYVNi�IRUPD

-HGQtP�]�PRåQêFK� ]S$VRE$� GHILQLFH� N�LYN\� MH�PRåQRVW� MHMtKR� XUþHQt� SRPRFt� NUDMQtFK
ERG$�D�VP�URYêPL�YHNWRU\�Y�NUDMQtFK�ERGHFK��YL]��REU�[[[
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����2EU
S�LþHPå�VP�URYp�YHNWRU\�MVRX�GHILQRYiQ\�WDNWR

x
x

'( ) [ ( ), ( ), ( )]u
d

du

d

du
x u y u z u T= =

8YDåPH�Q\Qt�RS�W�SDUDPHWULFNp�NXELFNp�N�LYN\�YH�WYDUX
x a b c d( )u u u u= + + +3 2

SDN�SUR�VORåNX� x O]H�SViW
x u a u b u c u dx x x x( ) = + + +3 2

D
x u a u b u cx x x'( ) = + +3 22

6P�URYê�YHNWRU�MH�SDN�REHFQ��XUþHQ�YêUD]HP
x a b c' ( )u u u= + +3 22

9�PDWLFRYpP�Y\MiG�HQtP�SDN
x A u( )u =

NGH

[ ]A a b c d   =   |  |  | =
















a b c d

a b c d

a b c d

x x x x

y y z y

z z z z

D
[ ]u =   ,      3u u u

T2 1, ,

'RVDGtPH�OL� Q\Qt� GR� URYQLF� S�tVOXãQp� KRGQRW\�� SDN� GRVWiYiPH� SUR� VRX�DGQLFL� x � VRXVWDYX
URYQLF

x dx1 =
x a b c dx x x x2 = + + +
x cx1

' =
x a b cx x x2 3 2' = + +

=�QLFK�SDN�~SUDYRX�REGUåtPH�W]Y��DOJHEUDLFNRX�IRUPX
a x x x xx = − + +2 21 2 1 2

' '

b x x x xx = − + − −3 3 21 2 1 2
' '

c xx = 1
'

d xx = 1

'RVD]HQtP�GR�URYQLF�SUR�[�X��SDN�GRVWiYiPH
x u x x x x u x x x x u x u x( ) ( ) ( )' ' ' ' '= − + + + − + − − + +2 2 3 3 21 2 1 2

3
1 2 1 2

2
1 1

D�~SUDYRX�SDN
x u u u x u u x u u u x u u x( ) ( ) ( ) ( ) ( )' '= − + + − + + − + + −2 3 1 2 3 23 2
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