Kombinatorické algoritmy

* Generovani n-tic
* Generovani permutaci

* Generovani kombinaci



Pouziti: reseni nékterych uloh vyzaduje
prozkoumat ,prostor” vsech moznych reseni
a ten byva casto vyjadren kombinatoricky
(nalezeni vSech podmnozin, permutaci, n-
prvkovych kombinaci apod).



Generovani n-tic



Pouziti: generovani podmnozin dané mnoziny,
generovani, n-radovych cisel apod.

Postup:

Pro mnoziny $={0,1} nebo $~={0,1,2,3,4,5,6,7,8,9}
je problém jednoduchy.

1.Zacneme s n-tici a= (000..000), nebo
a=(000..000),

2.Postupne pricitame 1 k binarnimu cislu a (pro S))
nebo k dekadickému Cislu (pro S,)

3.Ukonc¢ime pokud a=(111...111)=2"(pro S,) nebo
a=(999...999)= 2"(pro S,)



Algoritmus pro generovani obecnych n-tic v lexikografickém
poradi, které pro které plati nasledujici podminky:

O=sa, <m, pro 1= j=n
[ &, a, --- a,l
[ []
[(p2, 12, - 1, []

Algorithm M (Mized-radiz generation). This algorithm visits all n-tuples
that satisfy (1), by repeatedly adding 1 to the mixed-radix number in (2) until
overflow occurs. Auxiliary variables ag and mg are introduced for convenience.

M1. [Initialize.] Set a; < 0 for 0 < j < n, and set mg + 2.

M2. [Visit.] Visit the n-tuple (ai,...,a,). (The program that wants to examine
all n-tuples now does its thing.)

M3. [Prepare to add one.| Set j < n.

M4. [Carry if necessary.] If a; = m; — 1, set a; « 0, j < j — 1, and repeat this
step.

MS5. [Increase, unless done.| If j = 0, terminate the algorithm. Otherwise set
aj < aj + 1 and go back to step M2. |



Pokud je hodnota n dostatecné mala, lze
algoritmus prepsat nasledovne: (n=4)

For a; =0, 1, ..., m; — 1 (in this order) do the following:
For as =0, 1, ..., my — 1 (in this order) do the following:
For a3 =0, 1, ..., m3 — 1 (in this order) do the following;:

For ay =0, 1, ..., my — 1 (in this order) do the following:
Visit (L’El, a2, 0as, [‘1—4).



Grayuv binarni kéd
* V nékterych pripadech nevyhovuje
lexikografické poradi n-tic je potreba volit jiné.
* Grayuv kod vypisuje vSech 2" binarnich n-tic v
takovém poradi, ze mezi jednotlivymi n-ticemi
dochazi k zaméné pouze jediného bitu.

Pf. Grayuv kod pro n=4

0000, 0001,0011,0010,0110,0111,0101, 0100,
1100,1101,1111,1110, 1010, 1011, 1001, 1000.



Pouziti Grayova kodu :

— prfenos dat (umoznuje snadné zabezpeceni
paritou)

— Walshovy funkce, Walshova transformace
(pouziva se pri zpracovani obrazu)



Snimani pozice natocCeni kotouce
a. Popis pozice lexikografickym binarnim
kodem
b. Grayovym kodem

Fig. 10. (a) Lexicographic binary code. (b) Gray binary code.



Algoritmus generovani n-bitového Grayova kddu s paritou

Algorithm G (Gray binary generation). This algorithm visits all binary n-
tuples (an_1,...,a1,a9) by starting with (0,...,0,0) and changing only one bit
at a time, also maintaining a parity bit a., such that

Aoo = Qn—-1 D - D a; P ayg. (14)
It successively complements bits p(1), p(2), p(3), ..., p(2"— 1) and then stops.
G1. [Initialize.] Set a; - 0 for 0 < j < n; also set as, < 0.
G2. [Visit.] Visit the n-tuple (a,—_1,...,a1,ap).
G3. [Change parity.] Set aoo + 1 — Goo-
G4. [Choose j.] If axo = 1, set j « 0. Otherwise let j > 1 be minimum such

G5.

that a;_y = 1. (After the kth time we have performed this step, j = p(k).)

Complement coordinate j.] Terminate if j = n; otherwise set a; 1 — a;
and return to G2. |




Zrychlena varianta predchoziho algoritmu — odstranuje cyklus z
kroku G4 a nahrazuje ho skupinou pointeru (f ,...,f,)

Algorithm L (Loopless Gray binary generation). This algorithm, like Algo-
rithm G, visits all binary n-tuples (a,_1,...,ao) in the order of the Gray binary
code. But instead of maintaining a parity bit, it uses an array of “focus pointers”
(fn,---, fo), whose significance is discussed below.

L1. [Initialize.] Set a; + 0 and f; « j for 0 < j < n; also set f, « n. (A
loopless algorithm is allowed to have loops in its initialization step, as long

as the initial setup is reasonably efficient; after all, every program needs to
be loaded and launched.)

L2. [Visit.] Visit the n-tuple (an—1,...,a1,a0).

L3. [Choose j.| Set j < fo, fo < 0. (If this is the kth time we are performing
the present step, j is now equal to p(k).) Terminate if j = n; otherwise set

fi < fitrand fip1 <5+ 1.
L4. [Complement coordinate j.] Set a; <~ 1 — a; and return to L2. |



Grayuv nebinarni kod

V nékterych pripadech vyzadujeme obecny pripad
Grayova kodu tj. generovani n-tic (a,a,,...,a ), kde
0 <a < m, u kterych plati, ze dvé nasledujici n-
tice lisi pouze v jediné Cislici

Pr.: posloupnost trojic dekadickych Cislic v Grayove kodu

(reflected Gray decimal)
000,001, ..,009,019,018,...,011,010,020,021,...,091, 090, 190, 191, .. ., 900,

Modularni Grayuv kéd

000,001, . ..,009,019, 010, ...,017,018,028, 029, . .., 099,090, 190, 191, . . . , 900.



Generovani Grayova nebinarniho kédu

Algorithm H (Loopless reflected mized-radiz Gray generation). This algorithm
visits all n-tuples (a,—1,...,ap) such that 0 < a; < m; for 0 < j < n, changing
only one coordinate by 41 at each step. It maintains an array of focus pointers
(fn,---,fo) to control the actions as in Algorithm L, together with an array of
directions (d,,—1,...,dy). We assume that each radix m; is > 2.

H1. [Initialize.] Set a; < 0, f; < j, and d; « 1, for 0 < j < n; also set f, + n.
H2. [Visit.] Visit the n-tuple (a,_1,...,a1,ap).

H3. [Choose j.| Set j + fo and fo < 0. (As in Algorithm L, j was the rightmost
active coordinate; all elements to its right have now been activated.)

H4. [Change coordinate j.] Terminate if j = n; otherwise set a; < a; + d;.

HS5. [Reflect?] If a; = 0 or a;j = m; — 1, set d; « —d;, f; + fj+1, and
fi+1 < j+ 1. (Coordinate j has thus become passive.) Return to H2. |



Generovani permutaci



* Permutace n prvkl je skupina vSech prvku, které
jsou usporadany v jakémkoliv mozném poradi,
tzn. vybér prvku zavisi na poradi.

Pokud se prvky ve vybéru nemohou opakovat,
pak pocet vSech moznych vybeéru je urcen
vztahem

P(n)=n!
Pokud se hovori o permutacich prvkuy, jsou tim
obvykle mysleny permutace bez opakovani.
Pr. Méjme skupinu tri ruznych prvku a,b,c.
Permutace téchto prvku predstavuji skupiny
abc, acb, bac, bca, cab, cba



Generovani lexikograficky usporadanych
permutaci

Algorithm L (Lexicographic permutation generation). Given a sequence of n
elements ajas ... a,, initially sorted so that

a1 <ax <:--<ay, (1)

this algorithm generates all permutations of {a;,as,...,a,}, visiting them in
lexicographic order. (For example, the permutations of {1,2,2,3} are

1223, 1232, 1322, 2123, 2132, 2213, 2231, 2312, 2321, 3122, 3212, 3221,

ordered lexicographically.) An auxiliary element a( is assumed to be present for
convenience; ap must be strictly less than the largest element a,,.



L1. [Visit.] Visit the permutation ajas. .. a,.

L2.

L3.

L4.

[Find j.] Set j « n—1. If a; > a;4+1, decrease j by 1 repeatedly until
a; < ajy+1. Terminate the algorithm if j = 0. (At this point j is the largest
subscript such that we have already visited all permutations beginning with
a1 ...aj. Therefore the lexicographically next permutation will increase the
value of a;.)

[Increase a;.] Set | < n. If a; > a;, decrease [ by 1 repeatedly until a; < a;.
Then interchange a; + a;. (Since aj+; > --- > ay, element a; is the
smallest element greater than a; that can legitimately follow a;...a;_; in a
permutation. Before the interchange we had aj+1 > --- > ai—1 > a1 > a; >
@i+1 >+ - 2 Qn; after the interchange, we have aj 11 > --- > a;1—1 > a; >
ar = ai41 = --- 2 ay.)

[Reverse a;+1...a,.] Set k < j+ 1 and | < n. Then, if £ < [, interchange
ar <> aj,set k< k+ 1,1l < [l —1, and repeat until £ > [. Return to L1. |



Generovani permutaci ve kterych se méni pouze
sousedni elementy

Cil: Podobné jako u Grayova kodu - vytvaret takovée
permutace, kde dochazi ke zméné pouze mezi
sousednimi prvky.

Tento postup neni mozné aplikovat pokud se v
mnozine, nad kterou vytvarime permutace, opakuji
prvky.

1122 1212 — 212 — 2121 2911:
T 19221 — ’



Zakladni myslenka algoritmu:
1. Vezmeme posloupnost prvku {1,2, ..., n-1}

2. Vlozime prvek n do kazdé permutace vSemi moznymi zpusoby
a usporadame do sloupcu

Pf. Vytvafime permutace nad mnoZinou {1,2,3,4}

zatneme pron=2 - permutace {12, 21} -permutace
dame do sloupcl a prfidame 3 do vSech moznych pozic

123 A~ 213
132 231
V312 321

>

A usporadame ve sméru Sipek
123, 132, 312, 321,231, 213

Vysledky uloZzime do sloupct a pridame prvek 4



A

>

1234 1324 3124 3214 2314 2134
1243 1342 3142 3241 2341 2143
1423 1432 3412 3421 2431 2413
V4123 4132 v 4312 4321 v 4231 4213

A podobné jako v predchozim pripadé usporadame a dostaneme
vysledné permutace :

1234, 1243, 1423,4123,4132, 1432,1342, ..., 2134, 2143,2413, 4213



Algoritmus generovani permutaci - dochazi ke
zménam pouze u sousednich prvku

Algorithm P (Plain changes). Given a sequence ajas...a, of n distinct
elements, this algorithm generates all of their permutations by repeatedly inter-
changing adjacent pairs. It uses an auxiliary array cics...c,, which represents
inversions as described above, running through all sequences of integers such that

Ui=ci <3 forl <7 <n. (5)

Another array d;ds ...d, governs the directions by which the entries c; change.
P1. [Initialize.] Set ¢; + 0 and d; « 1 for 1 < j < n.
P2. [Visit.] Visit the permutation ajas ... a,.

P3. [Prepare for change.|] Set j <~ n and s < 0. (The following steps determine
the coordinate j for which ¢; is about to change, preserving (5); variable s
is the number of indices k£ > j such that ¢, = k — 1.)

P4. [Ready to change?] Set ¢ + ¢; +d;. If ¢ < 0, go to P7; if ¢ = j, go to P6.
P5. [Change.] Interchange a;_.,+s <> aj_q+s. Thenset ¢; < g and return to P2.
P6. [Increase s.] Terminate if j = 1; otherwise set s « s+ 1.

P7. [Switch direction.| Set d; <~ —d;, j < j — 1, and go back to P4. |



Struktogram

(original) Plain Changes (modified)

toP4 = false

P1. Initialize

true

i
]

toP4 = true

P3. Prep. f. change

P2. Visit

P3. Prepare for change

tpP4 = false

q=]

@ P5. Change

q<o0

P6. Increase s

Y

Return s . st1

P7. Switch direction

toP4 = true




Generovani kombinaci



Kombinace t-té tridy z n prvku je skupina t prvku
vybranych z celkového poctu n prvkd, pricemz pfi
vybéru nezalezi na poradi jednotlivych prvku.

Pocet kombinaci t-té tridy z n prvku bez opakovani, tzn.
zadny prvek vybéru se nemuze opakovat, je

L 7!
Coln) = Ez‘ %_ H(n—1)!

n
* kde EtE predstavuje kombinacni Cislo.

Uvazujme, ze n=s+t .
V nékteré literature se kombinace uvadi ve tvaru
(s,t)-kombinace.


http://cs.wikipedia.org/wiki/Kombina%C4%8Dn%C3%AD_%C4%8D%C3%ADslo

Zpusoby reprezentace (s,t)-kombinaci:
1)Binarnim retézcem a _,, ..., a,,a, pro ktery plati
a_+..a+a=t. Prvky a nabyvaji hodnot

0 ... pokud prvek nebyl vybran, nebo
1 ... pokud vybran byl

2)Nebo vektorem c,...c, ¢, ve kterém jsou
ulozeny pozice vybranych prvku



Table 1
THE (3,3)-COMBINATIONS AND THEIR EQUIVALENTS

asasaszasaiag  bsbaby  czcacy  dsdady  eseser pspapipo gag2qigo path

000111 o543 210 000 210 4111 3000 E
001011 542 310 100 310 3211 2100 A
001101 541 320 110 320 3121 2010 isi)
001110 540 321 111 321 3112 2001 1=k}
010011 532 410 200 010 2311 1200 H
010101 531 420 210 020 2221 1110 B
010110 530 421 211 121 2212 1101 H
011001 521 430 220 030 2131 1020 H
011010 520 431 221 131 2122 1011 H
011100 510 432 222 232 2113 1002 H
100011 432 510 300 110 1411 0300 Jisi)
100101 431 520 310 220 1321 0210 H
100110 430 521 311 221 1312 0201 H
101001 421 530 320 330 1231 0120 isi)
101010 420 531 321 331 1222 0111 iss)
101100 410 532 322 332 1213 0102 Ji=t)
110001 321 540 330 000 1141 0030 H
110010 320 541 331 111 1132 0021 A
110100 310 542 332 222 1123 0012 it
111000 210 o243 333 333 1114 0003 Jisi|




Generovani lexikografickych kombinaci

* Pro malé velikosti t, |ze kombinace generovat
nasledujici sekvenci prikazu:

For c3 =2, 3, ..., n— 1 (in this order) do the following:
For es = 1,2, ..., cg — 1 (in this order) do the following: (15)
Fore; =0, 1, ..., co — 1 (in this order) do the following: Y

Visit the combination czesey.



* pro velka t Ize pouzit nasledujici algoritmus.

Algorithm L (Lezicographic combinations). This algorithm generates all -
combinations ¢; ...cze; of the n numbers {0,1,...,n — 1}, given n > t > 0.
Additional variables ¢;1; and ¢;. 5 are used as sentinels.

L1. [Initialize.]| Set ¢; «— j — 1 for 1 < j < ¢; also set ¢;+1 < n and ¢;42 0.

L2. [Visit.] Visit the combination ¢; ... csc;.

L3. [Find j.] Set j + 1. Then, while ¢;+1 = ¢;+1,set ¢; « j—1and j « j+1;
repeat until ¢; + 1 # c;+1.

L4. [Done?] Terminate the algorithm if j > ¢.

L5. [Increase ¢;.] Set ¢; + ¢; + 1 and return to L2. |

The running time of this algorithm is not difficult to analyze. Step L3 sets

cj + j — 1 just after visiting a combination for which ¢;j+; = ¢; + j, and the
number of such combinations is the number of solutions to the inequalities

(e e B (| 2 (16)

Nebo rychlejsi verze tohoto algoritmu — viz nasleduijici slide.






Struktogram

Quick
Lexicographic Quick Lexicographic Combinations (modified)
Combinations
(original) T1. Initialize
true
T2. Visit
loop=false
j<=0 && c[1]+1<c[2
Y N
loop=true
c[1]=c[1]+1
loop=true
j>0
Y N
j- 2
T4.Findj
Xe j >t
Y N
Return @
T6. Increase cfj]
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